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THE WAVE FRONT SET OF THE FOURIER TRANSFORM OF

ALGEBRAIC MEASURES

AVRAHAM AIZENBUD AND VLADIMIR DRINFELD

Abstract. We study the Fourier transform of the absolute value of a polynomial on a
finite-dimensional vector space over a local field of characteristic 0. We prove that this
transform is smooth on an open dense set.

We prove this result for the Archimedean and the non-Archimedean case in a uniform
way. The Archimedean case was proved in [Ber1]. The non-Archimedean case was proved
in [HK] and [CL1, CL2]. Our method is different from those described in [Ber1, HK,
CL1, CL2]. It is based on Hironaka’s desingularization theorem, unlike [Ber1] which is
based on the theory of D-modules and [HK, CL1, CL2] which is based on model theory.

Our method also gives bounds on the open dense set where the Fourier transform is
smooth and moreover, on the wave front set of the Fourier transform. These bounds are
explicit in terms of resolution of singularities and field-independent.

We also prove the same results on the Fourier transform of more general measures of
algebraic origins.
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1. Introduction

1.1. Main results in the non-Archimedean case.

Theorem A. Let F be a non-Archimedean local field of characteristic 0 (i.e. a finite
extension of the field of p-adic numbers Qp). Let W be a finite-dimensional vector space
over F . Let X be a smooth algebraic variety over F , let φ : X → W be a proper map
and ω a regular (algebraic) top differential form on X. Let |ω| be the measure on X
corresponding to ω and φ∗(|ω|) its direct image (which is a measure on W ). Then there
exists a dense Zariski open subset U ⊂ W ∗ such that the restriction to U of the Fourier
transform of φ∗(|ω|) is locally constant.

Examples.
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• Let X ⊂ W be a smooth closed subvariety and ω a regular top differential form
on X . Consider |ω| as a measure on W . Applying Theorem A to the embedding
φ : X →֒ W , we see that the Fourier transform of |ω| is smooth on a dense Zariski
open subset.
• More generally, let X ⊂ W be any closed subvariety and ω a rational top differ-
ential form on X . Suppose that for some resolution of singularities p : X̂ → X ,
the pullback p∗(ω) is regular. Then one can consider |ω| as a measure on W . Its
Fourier transform is smooth on a dense Zariski open subset (to see this, apply

Theorem A to the composition X̂ → X →֒ W ).

We deduce Theorem A from the following theorem, which says that the singularities of
the Fourier transform of φ∗(|ω|) on the whole W ∗ are “not too bad”.

Theorem B. In the situation of Theorem A, the wave front set of the Fourier transform
of φ∗(|ω|) is contained in an isotropic algebraic subvariety1 of T ∗(W ∗) =W ×W ∗.

The notion of wave front set is is recalled in Appendix A and §2.3.4. It was introduced
by L. Hörmander [Hör] to study the singularities of functions on a real manifold M
microlocally (roughly speaking, to study them not only in space but also with respect to
Fourier transform at each point of M). Later D. B. Heifetz [Hef] defined this notion if M
is a p-adic manifold.

Remark 1.1.1. Theorem B can be considered as a p-adic analog of the following theorem
of J. Bernstein [Ber1]: if F is Archimedean then the Fourier transform of φ∗(|ω|) is a
holonomic distribution.

We also prove the following more general, relative version of Theorem B.

Theorem C. Let F be a non-Archimedean field of characteristic 0. Let W be a finite-
dimensional F -vector space and X, Y be smooth algebraic manifolds over F . Let φ : X →
Y ×W be a proper map and let ω be a regular top differential form on X. Then the wave
front set of the partial Fourier transform of φ∗(|ω|) with respect to W is contained in an
isotropic algebraic subvariety of T ∗(Y ×W ∗).

1.2. The Archimedean analog of Theorem C. We have to take in account that
in the Archimedean case the Fourier transform is defined not for general distributions,
but only for Schwartz distributions. Similarly, the partial Fourier transform is defined
for distributions that are partially Schwartz along the relevant vector space (a precise
definition of partially Schwartz distribution can be found in §§7.1 below).

Theorem D. Let F be an Archimedean local field (i.e. R or C). Let everything else be
as in Theorem C. Then

(i) the distribution φ∗(|ω|) is partially Schwartz along W (so its partial Fourier trans-
form with respect to W is well-defined);

1An algebraic subvariety of a symplectic algebraic manifold is said to be isotropic if its nonsingular
part is. Note that every algebraic isotropic subvariety of the co-tangent bundle of an algebraic manifold
M which is stable with respect to homotheties along the co-tangent space is contained in a union of
co-normal bundles of submanifolds of M , and in particular in a Lagrangian subvariety. See §§3.1 for
more details.

http://projecteuclid.org/euclid.pjm/1102707065
http://www.math.tau.ac.il/\protect \unskip \penalty \@M \ \ignorespaces bernstei/Publication_list/publication_texts/bernstein-mod-dif-FAN.pdf
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(ii) the wave front set of the partial Fourier transform of φ∗(|ω|) with respect to W is
contained in an isotropic algebraic subvariety of T ∗(Y ×W ∗).

Remark 1.2.1. In fact, the distribution φ∗(|ω|) is Schwartz on the entire space and not
only along W , but in order to prove it we need to define what it means, and we prefer
not to do it in this paper.

1.3. Stronger versions. Our proof of theorem C can give an explicit (in terms of res-
olution of singularities) description of an isotropic variety that contains the wave front
set of the partial Fourier transform of φ∗(|ω|). We provide such description in Theorem
5.3.1 (and an analogous description for Theorem B in Corollary 5.3.2). This description
implies that this isotropic variety “does not actually depend” on the local field F and is
stable under homotheties in W ∗. Namely we have the following theorem:

Theorem E. Let K be a characteristic 0 field andW a finite-dimensional K-vector space.
Let X, Y be smooth algebraic manifolds over K. Let φ : X → Y ×W be a proper map, ω
a regular top differential form on X.

Then there exists an isotropic algebraic subvariety L ⊂ T ∗(Y ×W ∗) such that

(i) L is stable with respect to the action of the multiplicative group on T ∗(Y ×W ∗) that
comes from its action on W ∗;

(ii) for any embedding of K into any local field F (Archimedean or not), the wave front
set of the partial Fourier transform of (φF )∗(|ωF |) is contained in L(F ).

Here L(F ) ⊂ T ∗(Y ×W ∗)(F ) is the set of F -points of L and ωF is obtained from ω by
extension of scalars from K to F , and |ωF | is the corresponding measure on X(F ).

Remark. The Fourier transform depends on the choice of a nontrivial additive character
ψ : F → C×. But if L satisfies (i) and has property (ii) for some ψ, then (ii) holds for
any ψ.

We will show that the following variant of Theorem E easily follows from Theorem E
itself.2

Theorem F. In the situation of Theorem E let p be a regular function on X. Then there
exists an isotropic algebraic subvariety L ⊂ T ∗(Y ×W ∗) such that for any embedding of
K into any local field F and any nontrivial additive character ψ : F → C×, the wave
front set of the partial Fourier transform of (φF )∗((ψ ◦ pF ) · |ωF |) is contained in L(F ).
Here the Fourier transform is performed using the same ψ, and pF is obtained from p by
extension of scalars from K to F .

Again, in order for this theorem to make sense for Archimedean F , we will prove the
following lemma:

Lemma G. In the notations of Theorem F, let F be an Archimedean local field, with an
embedding K →֒ F . Then the distribution (φF )∗((ψ◦pF ) · |ωF |) is partially Schwartz along
W .

Example. Let p be a polynomial on an F -vector space W . Theorem F implies that the
Fourier transform of the function x 7→ ψ(p(x)) is smooth on a dense Zariski open subset.

2More precisely, Theorem F for φ := X → Y × W and p : X → K follows from Theorem E for
φ× p : X → Y ×W ×K.
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1.4. Method of the proof and comparison with related results.

The Archimedean counterpart of Theorem A above was proved by J. Bernstein [Ber1]
using D-module theory. In the non-Archimedean case Theorem A is one of many results
proved by Hrushovski - Kazhdan [HK] and Cluckers - Loeser [CL1, CL2] using model
theory.

In this work we give a proof of Theorems A-D based on Hironaka’s desingularization the-
orem. The proof is simple and effective modulo desingularization and treats Archimedean
and non-Archimedean local fields in a uniform way. Since the proof is effective it also
yields Theorems E-F, which seem to be new. Note that although Hironaka’s desingu-
larization theorem is far from being elementary, it now has understandable proofs (e.g.,
see [Kol]).

The present paper is not the first time when Hironaka’s theorem is used to replace D-
module theory in the non-Archimedean case. A well-known example is one of the earliest
applications of the theory of D-modules – the regularization and analytic continuation of
the distribution pλ where p is a polynomial and λ is a complex number (see [Ber2]). This
result has an alternative proof based on Hironaka’s theorem, which is valid both in the
Archimedean and the non-Archimedean cases, see [BG] and [Ati].

A few years ago D. Kazhdan pointed out to us that surprisingly, Theorem A does not
follow immediately from Hironaka’s theorem. However, we show that Theorem A and its
generalizations involving wave front sets (Theorems B-F) follow from Hironaka’s theorem
after some work.

Using wave front sets to deduce Theorem A and its Archimedean counterpart from
Hironaka’s theorem seems very natural to us. First, wave front sets were introduced by
L. Hörmander precisely to treat analytic problems of this type. Second, the technique of
wave front sets is “field-independent”. Other reasons are explained in Section 1.5 below.

Remark 1.4.1. A short account of the present work is given in [Dri]. It includes a sketch
of the proof of the main results with emphasis on the main ideas (which are very simple).
The reader may prefer to read [Dri] before reading the complete proof.

1.5. Idea of the proof.

Theorem A is deduced from Theorem C. The latter has two advantages:

(1) Since we are discussing the wave front set, Theorem C is more flexible with respect
to changes of X and Y .

(2) Since we are discussing a relative version, Theorem C can be approached locally
with respect to Y .

Using those facts, we can reduce Theorem C to the special case (see Proposition 4.1.4)
when the map X → Y is an open embedding. Furthermore, using Hironaka’s theorem we
can assume that ω and φ behave “nicely” in the neighborhood of Y −X .

Using (1) and (2) again, we can reduce further (see Lemma 4.2.1) to the case when
W is 1-dimensional. By localizing the problem on Y , we reduce Proposition 4.1.4 to a
simple local model, which has a symmetry with respect to an action of a large torus. This
symmetry allows to prove Proposition 4.1.4 for the local model.

1.6. Structure of the paper. In §2 we will fix notations and give the necessary prelim-
inaries for the paper. In §§2.2 we recall two algebro-geometrical tools used in this paper.

http://www.math.tau.ac.il/\protect \unskip \penalty \@M \ \ignorespaces bernstei/Publication_list/publication_texts/bernstein-mod-dif-FAN.pdf
http://arxiv.org/abs/math/0510133
http://www.math.tau.ac.il/\protect \unskip \penalty \@M \ \ignorespaces bernstei/Publication_list/publication_texts/Bern-a-cont-FAN.pdf
http://www.math.tau.ac.il/\protect \unskip \penalty \@M \ \ignorespaces bernstei/Publication_list/publication_texts/Bern-Gel-P-lam-FAN.pdf
http://onlinelibrary.wiley.com/doi/10.1002/cpa.3160230202/abstract;jsessionid=2EDA339B5C15DA082B30A9B1A4066301.d03t01
http://arxiv.org/abs/1303.0576
http://arxiv.org/abs/1303.0576
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Namely, in §§§2.2.1 we review Hironaka’s theory of resolution of singularities (see [Hir],
or [Kol] for a more recent overview), and in §§§2.2.2 we recall Nagata’s compactification
theorem. In §§2.3 we review the theory of distributions and in particular, the notion of
the wave front set. Most of the results there are from [Hef] and [Aiz]. The rest we provide
in Appendix A.

In §3 we introduce the notion of WF-holonomic distributions and state some of its basic
properties. This notion can be viewed as a partial analytic counterpart of the algebraic
notion of holonomic distributions, which is defined via the theory of D-modules. We use
this notion in order to formulate our main result. In §§3.1, we recall the basic facts from
symplectic geometry that we use in order to work with WF-holonomic distributions. We
provide proofs and references for those results in Appendix B.

In §4-6 we prove the main results of the paper in the non-Archimedean case.
In §4 we prove Theorem C (which implies Theorem B and Theorem A).
In §5 we prove Theorem 5.3.1, Corollary 5.3.2 and Corollary 5.3.4, which are “explicit”

versions of Theorems C, B and A respectively (e.g., Theorem A claims the existence of a
dense open U on which a certain distribution is smooth, while Corollary 5.3.4 provides a
concrete U with this property). We also explain how Theorem 5.3.1 implies Theorem E.

In §6 we deduce Theorem F from Theorem E.
In §7 we explain how to adapt the proofs from §4-6 for the Archimedean case.
In Appendix A we elaborate on the results stated in §§§2.3.4.
In Appendix B we elaborate on the results stated in §§3.1

1.7. Acknowledgments. We thank Patrick Gerard for a useful reference and Vladimir
Hinich, for fruitful discussions. We thank Joseph Bernstein, Ehud Hrushovski, David
Kazhdan and Michael Temkin for their useful remarks. We would also like to thank Inna
Entova-Aizenbud for proofreading the drafts for this work.

Part of the work on this paper was done while Avraham Aizenbud participated in
the program “Analysis on Lie Groups” at the Max Planck Institute for Mathematics
(MPIM) in Bonn. Avraham Aizenbud is also partly supported by NSF grant DMS-
1100943. Vladimir Drinfeld is partly supported by NSF grant DMS-1001660.

2. Preliminaries

2.1. Notation and conventions. Below is a list of notations and conventions through-
out the paper. The somewhat nonstandard among them are (1), (3), (15).

2.1.1. The local field F .

(1) We fix a local field F of characteristic 0. It will be non-Archimedean in the entire
paper except §7 and the Appendices.

(2) We always equip F with the normalized absolute value (this is the multiplicative
quasi-character x 7→ |x| given by the action on Haar measures).

(3) We fix a non-trivial additive character ψ : F → C×.

2.1.2. Varieties and manifolds.

(4) All the algebraic varieties and analytic varieties which we consider are reduced,
separated and defined over F .

http://www.ams.org/mathscinet-getitem?mr=199184
http://projecteuclid.org/euclid.pjm/1102707065
http://arxiv.org/abs/0811.2768
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(5) We will treat F -algebraic varieties as F̄ -algebraic ones equipped with an F -
structure.

(6) We will treat F -vector spaces both as algebraic varieties and analytic varieties.
(7) When we say “an analytic variety”, we mean an F -analytic variety in the classical

sense of [Ser] and not in the sense of rigid geometry or Berkovich geometry.
(8) For an algebraic variety X , we will denote by X(F ) the set of F points ofX consid-

ered as an analytic variety (and, in particular, as a topological space). By abuse
of notation, the map X(F ) → Y (F ) corresponding to a morphism of algebraic
varieties φ : X → Y will also be denoted by φ.

(9) We will use the word “manifold” to indicate smoothness, e.g. “algebraic manifold”
will mean smooth algebraic variety.

(10) When we want to speak in general about algebraic and analytic varieties or man-
ifolds, we will just say variety or manifold.

(11) We will use the word “regular” only in the sense of algebraic geometry and not in
the sense of analytic geometry.

(12) We will usually use the same notation for a vector bundle and its total space.
(13) For a vector bundle E over a manifold X , we will identify X with the zero section

inside E.

2.1.3. The (co)tangent and the (co)normal bundle.

(14) For a manifold X , we denote by TX = T (X) and T ∗X = T ∗(X) the tangent and
co-tangent bundles, respectively. For a point x ∈ X , we denote by TxX = Tx(X)
and T ∗

xX = T ∗
x (X) the tangent and co-tangent spaces, respectively.

(15) For a (locally closed) submanifold Y ⊂ X , we denote by NX
Y := (TX |Y )/TY and

CNX
Y := (NX

Y )∗ the normal and co-normal bundle to Y in X , respectively.

2.1.4. Group and Lie algebra actions.

(16) For a group G acting on a set X, and a point x ∈ X, we denote by Gx or by G(x)
the orbit of x and by Gx the stabilizer of x.

(17) An action of a Lie algebra g on a manifoldM is a Lie algebra homomorphism from
g to the Lie algebra of vector fields on M . Note that an action of an (analytic or
algebraic) group on M defines an action of its Lie algebra on M .

(18) For a Lie algebra g acting on M , an element α ∈ g and a point x ∈M , we denote
by α(x) ∈ TxM the value at x of the vector field corresponding to α. We denote
by gx ⊂ TxM or by g(x) ⊂ TxM the image of the map α 7→ α(x) and by gx ⊂ g

its kernel.

2.1.5. Differential forms.

(19) For a top differential form ω on a manifold M , we define its absolute value |ω| to
be the corresponding measure on M (or on M(F ) in the algebraic case).

2.2. Algebraic geometry.

2.2.1. Resolution of singularities. In this paper we will need Hironaka’s theory of reso-
lution of singularities. This theory was established in [Hir]. A more recent overview can
be found in [Kol].
Let us summarize here the results we need.

http://www.ams.org/mathscinet-getitem?mr=199184
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Definition 2.2.1. Let X be an algebraic variety.

• A resolution of singularities of X is a proper map p : Y → X such that Y is
smooth and p is a birational equivalence.
• A subvariety D ⊂ X is said to be a normal crossings divisor (or NC divisor) if for
any x ∈ D there exists an étale neighborhood φ : U → X of x and an étale map
α : U → An such that φ−1(D) = α−1(D′), where D′ ⊂ An is a union of coordinate
hyperplanes.
• A subvariety D ⊂ X is said to be a strict normal crossings divisor (or SNC
divisor) if for any x ∈ D there exists a Zariski neighborhood U ⊂ X of x and an
étale map α : U → An such that D ∩ U = α−1(D′), where D′ ⊂ An is a union of
coordinate hyperplanes.
• We say that a resolution of singularities p : Y → X resolves (resp. strictly resolves)
a closed subvariety D ⊂ X if p−1(D) is an NC divisor (resp. an SNC divisor).

Theorem 2.2.2 (Hironaka). Let X be an algebraic variety and U ⊂ X a dense nonsin-

gular open subset. Then there exists a resolution of singularities p : X̃ → X that resolves
X − U such that the map p−1(U)→ U is an isomorphism.

There is a standard procedure to resolve a normal crossings divisor further to a strict
normal crossings divisor, see e.g. [Jon]. This gives the following corollary.

Corollary 2.2.3. In Theorem 2.2.2 one can replace “resolves” by “strictly resolves”.

2.2.2. Nagata’s compactification theorem. We will need the following theorem:

Theorem 2.2.4 (Nagata (see e.g. [Con])). Let φ : X → Y be a morphism of algebraic
varieties. Then there exists a factorization φ = φ′◦ i : X → X ′ → Y such that i : X → X ′

is an open embedding and φ′ : X ′ → Y is proper.

2.3. Distributions in the non-Archimedean case.

We recall here the facts that we need about distributions in the non-Archimedean case.
The Archimedean case will be discussed in §§7.1.

We will use the language of l-spaces and distributions on them. For an overview of this
theory we refer the reader to [BZ].

Let us briefly recall the basic notations and constructions of this theory; all the notations
except numbers (6), (11), (12) are standard.

2.3.1. Functional spaces. Let X be an l-space, i.e. a locally compact totally disconnected
topological space.

(1) Denote by C∞(X) the space of smooth functions on X (i.e. locally constant
complex valued functions).

(2) Denote by S(X) the space of Schwartz functions on X , i.e. smooth, compactly
supported functions. Define the space of distributions S∗(X) := S(X)∗ to be the
dual space to S(X), endowed with the weak dual space topology. We will also
denote by C(X) the space of complex valued, continuous functions on X .

(3) By “locally constant sheaf” over an l-space we mean a locally constant sheaf of
finite-dimensional vector spaces over C. In fact, we will need only locally constant
sheaves of rank 1.

http://www.math.columbia.edu/\protect \unskip \penalty \@M \ \ignorespaces dejong/papers/ALTERATIONS.dvi
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(4) For any locally constant sheaf E over X , we denote by S(X,E) the space of
compactly supported sections of E, by S∗(X,E) its dual space, and by C∞(X,E)
the space of sections of E. We will also use the notation

C(X,E) := C∞(X,E)⊗C∞(X) C(X)

for the space of continuous sections of E.
(5) Let S∗

c (X,E) be the space of compactly supported distributions. Note that we
have a canonical embedding S∗

c (X,E) →֒ (C∞(X,E))∗.
(6) Suppose X is an analytic variety. Then we define DX to be the sheaf of locally

constant measures on X (i.e. measures that are locally isomorphic to the Haar
measure on F n). We set G(X) := S∗(X,DX) to be the space of generalized func-
tions and G(X,E) := S∗(X,DX⊗E

∗) to be the space of generalized sections of E.
Similarly, we define Gc(X) and Gc(X,E). Note that we have natural embeddings
C∞(X,E) ⊂ C(X,E) ⊂ G(X,E) and S(X,E) ⊂ Gc(X,E) defined using the pair-
ing between E and E∗ followed by integration. We will identify these spaces with
their images and we will refer to the generalized sections which lie in C∞(X,E)
as “smooth” and those which lie in C(X,E) as “continuous”.

2.3.2. Pullback and pushforward. Let φ : X → Y a continuous map of l-spaces.

(7) We define φ∗ : C∞(Y )→ C∞(X) to be the pullback and φ∗ := (φ∗)∗|S∗
c (X,E) :

S∗
c (X) → S∗

c (Y ) to be the pushforward. Similarly, we define φ∗ : C∞(Y,E) →
C∞(X, φ∗(E)) and φ∗ : S∗

c (X, φ
∗(E)) → S∗

c (Y,E) for any locally constant sheaf
E.

(8) Assume that φ is proper. This allows us to extend the pushforward to a map
φ∗ : S∗(X) → S∗(Y ) in the following way. Note that φ∗(S(Y )) ⊂ S(X) and
consider φ∗|S(Y ) as a map from S(Y ) to S(X). So we can define the pushforward
φ∗ := (φ∗|S(Y ))

∗ : S∗(X)→ S∗(Y ) extending the above map φ∗ : S
∗
c (X)→ S∗

c (Y ).
Similarly, we define φ∗ : S∗(X, φ∗(E)) → S∗(Y,E) for any locally constant sheaf
E.

(9) We can generalize the above two definitions in the following way. Letξ ∈ S∗(X).
Assume φ|Supp(ξ) is proper. Then φ

∗(f) · ξ has compact support for any f ∈ S(Y ),
so we can define φ∗(ξ) ∈ S

∗(Y ) by

〈φ∗(ξ), f〉 =

∫

X

φ∗(f) · ξ := 〈φ∗(f) · ξ, 1〉, f ∈ S(Y ).

Similarly, for any locally constant sheaf E on Y one defines φ∗(ξ) if ξ ∈
S∗(X, φ∗(E)) is such that φ|Supp(ξ) is proper.

(10) Let φ : X → Y be an analytic submersion of analytic manifolds. Let us extend
the pullback φ∗ : C(Y )→ C(X) to a map φ∗ : G(Y )→ G(X) in the following way.
Note that since locally φ looks like a linear projection, we have

φ∗(S(X,DX)) ⊂ S(Y,DY ).

Consider φ∗|S(X,DX) as a map from S(X,DX) to S(Y,DY ). The pullback φ∗ :=
(φ∗|S(X,DX))

∗ : G(Y )→ G(X) extends the map φ∗ : C(Y )→ C(X).
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(11) For an analytic submersion φ : X → Y of analytic manifolds, we define the line
bundle of relative densities (i.e. the natural line bundle whose restriction to any
fiber is the bundle of densities on it) by

DX
Y := φ∗(D∗

Y )⊗DX .

For a locally constant sheaf E over Y , we denote φ!(E) := φ∗(E) ⊗ DX
Y . As

before, we have the pushforward φ∗|S(X,φ!(E)) : S(X, φ!(E)) → S(Y,E) and the
pullback φ∗ := (φ∗|S(X,φ!(E)))

∗ : G(Y,E)→ G(X, φ∗(E)).
(12) Let T : X → Y be an isomorphism of analytic manifolds. Note that T∗ = (T−1)∗

both for functions and for distributions. In this case, we will use the notation T
for both of these maps.

2.3.3. Fourier transform.

Definition 2.3.1.

• Let W be an F -vector space. We define the Fourier transform

F : S(W,DW )→ S(W ∗)

by

F(f)(φ) =

∫
f · (ψ ◦ φ), φ ∈ W ∗.

We also define
F∗ : S∗(W )→ G(W ∗),

to be the dual map (when W is replaced with W ∗)
• Let X be an analytic manifold. Similarly, we have the partial Fourier transform

FW : S(X ×W,DX×W
X )→ S(X ×W ∗)

defined by
FW (f)|{x}×W ∗ := F(f |{x}×W )

and the dual map

F∗
W : S∗(X ×W )→ S∗(X ×W ∗, DX×W ∗

X )= G(X ×W ∗, DX×W ∗

W ∗ ).

We formulate here some standard properties of the Fourier transform which we will use
in the paper.

Proposition 2.3.2. Let W and W ′ be F -vector spaces and X be an analytic manifold.
Let ξ ∈ S∗(X ×W ).

(1) Let U ⊂ X be an open set. Then F∗
W (ξ)|U×W ∗ = F∗

W (ξ|U×W ).
(2) Let f ∈ C∞(X) be a locally constant function. Then F∗

W (fξ) = fF∗
W (ξ).

(3) Let p : X → Y be a proper map of l-spaces. Then F∗
W (p∗ξ) = p∗F

∗
W (ξ).

(4) Let η ∈ S∗(X ×W ×W ′). Then FW×W ′(η) = FW (FW ′(η)).

In order to formulate the last properties, we will need the following notation.

Notation 2.3.3. Let W,L be F -vector spaces and X be an analytic manifold. Let ν : X →
Hom(L,W ) be a continuous map. Then

(1) νt : X → Hom(W ∗, L∗) denotes the map given by νt(x) = ν(x)t;
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(2) ρν : X × L → X × W denotes the map given by ρν(x, y) = (x, ν(x)(y)); in
particular, we use this notation when L = W and ν : X → F ⊂ End(W ) is a
scalar function;

(3) Mon(L,W ) ⊂ Hom(L,W ) denotes the space of linear embeddings from L to W .

Proposition 2.3.4. Let W,L be F -vector spaces and X be an analytic manifold. Let
ν : X →Mon(L,W ) be a continuous map. Then the following diagrams are commutative:

(1) S(X ×W ∗, DX×W ∗

X )
FW∗ //

(ρνt )∗
��

S(X ×W )

(ρν)∗

��
S(X × L∗, DX×L∗

X )
FL∗ // S(X × L)

(2) S∗(X ×W ∗, DX×W ∗

X ) oo
F∗

W

OO

(ρνt )
∗

S∗(X ×W )
OO

(ρν)∗

S∗(X × L∗, DX×L∗

X ) oo
F∗

L
S∗(X × L)

Note that since ρν is an embedding, and ρνt is a submersion, the inverse and the direct
images in the diagrams are defined.

2.3.4. The wave front set. As it was mentioned earlier, we will prove a stronger version of
Theorem A, which has to do with the wave front set. The wave front set is an important
invariant of a distribution ξ on an analytic manifold X , which was introduced in [Hör] in
the Archimedean case and then adapted in [Hef] to the non-Archimedean case.

The wave front set is a closed subset of T ∗X . We will denote it by WF(ξ). The
definition of WF(ξ) will be recalled in Appendix A. Here we list the properties of the
wave front set that will be used in this paper. Most of them are adaptations of results
from [Hör]. Some are proved in [Hef] and [Aiz], the rest will be proved in Appendix A.

Proposition 2.3.5. Let X be an analytic variety and E a locally constant sheaf over it.
Let ξ ∈ G(X,E). Then we have:

(1) PT ∗(X)(WF (ξ)) = WF (ξ)∩X = Supp(ξ), where Supp(ξ) denotes the usual support
of ξ. Here we identify X with the zero section inside T ∗X and PT ∗(X) : T

∗X → X
is the projection.

(2) WF (ξ) ⊂ X if and only if ξ is smooth.
(3) Let U ⊂ X be an open set. Then WF (ξ|U) = WF (ξ) ∩ T ∗(U).
(4) Let ξ′ ∈ G(X,E) and f, f ′ ⊂ C∞(X). Then

WF (fξ + f ′ξ′) ⊂WF (ξ) ∪WF (ξ′).

(5) Let G be an analytic group acting on X and E. Suppose ξ is G-invariant. Then

WF (ξ) ⊂ {(x, v) ∈ T ∗X(F )|v(gx) = 0} =
⋃

x∈X

CNX
Gx,

where g is the Lie algebra of G.

http://projecteuclid.org/euclid.pjm/1102707065
http://projecteuclid.org/euclid.pjm/1102707065
http://arxiv.org/abs/0811.2768
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In order to formulate the rest of the properties we will need the following notions:

Definition 2.3.6. Let X be an analytic variety. Let A ⊂ T ∗(X).

(1) We say that A is conic if it is stable with respect to the homothety action of F×

on T ∗X , given by ρλ(x, v) = (x, λv).
(2) If p : Y → X is an analytic map we define p∗(A) ⊂ T ∗(Y ) by

p∗(A) := {(y, v) ∈ T ∗(Y )|∃w ∈ (dp∗)−1(v) ⊂ T ∗
p(y)X with (p(y), w) ∈ A}.

(3) If p : X → Y is an analytic map we define p∗(A) ⊂ T ∗(Y ) by

p∗(A) := {(y, v) ∈ T
∗(Y )|∃x ∈ p−1(y) with (x, (dxp)

∗(v)) ∈ A}.

Remark 2.3.7. We can describe the procedures of direct and inverse images in terms of
symplectic geometry.

Namely, let π : M → N be a map of manifolds. It gives rise to a correspondence
Λπ ⊂ T ∗(M)× T ∗(N) by Λπ = {((x, v), (y, w))|y = π(x), v = dπ∗(w)}.

Now let S and T be a symplectic manifold and Λ ⊂ S × T be a correspondence. For a
subset Z ⊂ S, we set Λ(Z) = {y ∈ T |∃x ∈ Z such that (x, y) ∈ Λ}.

This gives the following alternative definition for direct and inverse images:

• for a subset Z ⊂ T ∗(M), we have π∗(Z) = Λπ(Z).
• for a subset Z ⊂ T ∗(N), we have π∗(Z) = Λ−1

π (Z). Here Λ−1
π is Λπ considered as

a subset of T ∗(N)× T ∗(M).

Proposition 2.3.8. Let X be an analytic variety. Then we have:

(1) WF (ξ) is conic.
(2) Let E be a locally constant sheaf over X, let ξ ∈ G(X,E) and let p : Y → X be

an analytic submersion. Then WF (p∗(ξ)) ⊂ p∗(WF (ξ)).
(3) Let q : X → Y be an analytic map, let E be a locally constant sheaf over Y and

let ξ ∈ S(X, q∗(E)). Assume q|Supp(ξ) is proper. Then WF (q∗(ξ)) ⊂ q∗(WF (ξ)).

In §6 we will need the following more complicated properties of the wave front set:

Notation 2.3.9. Let X be an analytic manifold. For a closed conic set Γ ⊂ T ∗X we denote
by GΓ(X) the space of generalized functions whose wave front set is in Γ. We will consider
this space equipped with its natural topology which we describe in Appendix A. We will
use similar notations for other types of generalized sections.

Proposition 2.3.10. We have the following generalization of Proposition 2.3.8 (2). Let
p : Y → X be an analytic map of analytic manifolds, let

Np = {(x, v) ∈ T
∗X|x = p(y) and d∗yp(v) = 0 for some y ∈ Y }.

Let E be a locally constant sheaf over X. Let Γ ⊂ T ∗X be a conic closed subset such
that Γ ∩Np ⊂ X.

Then the map p∗ : C∞(X,E) → C∞(Y, p∗(E)) has a unique continuous extension to a
map p∗ : GΓ(X,E)→ G(Y, p

∗(E)). Moreover for any ξ ∈ GΓ(X,E) we have WF (p∗(ξ)) ⊂
p∗(WF (ξ)).

Definition 2.3.11. Let ξ ∈ G(X × Y ) be a generalized function on a product of analytic
manifolds. We will say that ξ depends continuously on Y if for any f ∈ S(X,DX) the
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generalized function ξf ∈ G(Y ) given by ξf(g) = ξ(f ⊠ g) is continuous.3 In this case we
define ξ|X×{y} ∈ G(X × {y}) by ξ|X×{y}(f) := ξf(y).

Remark 2.3.12. In the situation of Definition 2.3.11 the generalized functions ξy :=
ξ|X×{y}, y ∈ Y , form a continuous family (i.e., the map Y → G(X) defined by y 7→ ξy is
continuous). Thus one gets a bijection between generalized functions on X×Y depending
continuously on Y and continuous families of generalized functions on X parametrized
by Y .

Proposition 2.3.13. Let ξ ∈ G(X×Y ) be a generalized function on a product of analytic
manifolds. Assume that

(3) WF (ξ) ∩ CNX×Y
X×{y} ⊂ X × Y

and that ξ depends continuously4 on Y . Then ξ|X×{y} = j∗(ξ) where j : X×{y} →֒ X×Y
is the embedding.

Combining Proposition 2.3.10 and Proposition 2.3.13 we get the following

Corollary 2.3.14. In the situation of Proposition 2.3.13 one has

WF (ξ|X×{y}) ⊂ j∗(WF (ξ)).

3. WF-holonomic distributions

3.1. Recollections on isotropic and Lagrangian conic subvarieties of T ∗(X). Let
M be a symplectic algebraic manifold and V ⊂ M a constructible subset5. We say that V
is isotropic (resp. Lagrangian) if there is an open dense subset V ′ ⊂ V which is a smooth
isotropic (resp. Lagrangian) locally closed subvariety in M .

Remark 3.1.1. The closure of an isotropic (resp. Lagrangian) subset is isotropic (resp.
Lagrangian). The union of two isotropic (resp. Lagrangian) subset is isotropic (resp.
Lagrangian).

Proposition 3.1.2. If V ⊂M is isotropic then so is any constructible subset Z ⊂ V .

The statement is nontrivial because Z may be contained in the set of singular points
of V . For a proof, see, e.g., [CG, Proposition 1.3.30] and [CG, §1.5.16].

Now let M = T ∗(X), where X is a smooth algebraic manifold. The multiplicative
group acts on M by homotheties. A subvariety of M is said to be conic if it is stable
with respect to this action. If A ⊂ X is a smooth algebraic subvariety then the conormal

bundle CNX
A and its closure CNX

A are conic Lagrangian subvarieties of T ∗(X). It is well
known that any closed conic Lagrangian subvariety of T ∗(X) is a finite union of varieties

of the form CNX
A . Here is a slightly more general statement.

3f⊠g ∈ S(X×Y,DX⊗DY ) ∼= S(X×Y,DX×Y ) denotes the density given by (f⊠g)(x, y) := f(x)⊗g(y).
4In fact, (3) implies that ξ depends continuously on Y (cf. the discussion after Proposition 6.11 in

[Tre]). We will not need this implication.
5A subset of an algebraic variety is said to be constructible if it is a finite union of locally closed

subsets. A theorem of Chevalley says that the image of a constructible subset under a regular map is
constructible. (A similar statement for preimages is obvious.)

http://www.springer.com/birkhauser/mathematics/book/978-0-8176-4937-1
http://www.springer.com/birkhauser/mathematics/book/978-0-8176-4937-1
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Lemma 3.1.3. Let X be an algebraic manifold and C ⊂ T ∗(X) a closed conic algebraic
subvariety. Then the following properties of C are equivalent:

(1) C is isotropic;
(2) C is contained in a Lagrangian subvariety of T ∗(X);
(3) There is a finite collection of smooth locally closed subvarieties Ai ⊂ X such that

C ⊂
⋃

i

CNX
Ai

;

(4) There is a finite collection of smooth locally closed subvarieties Ai ⊂ X such that

C ⊂
⋃

i

CNX
Ai
.

This lemma is standard. For completeness, we include its proof in Appendix B.

Now let S ⊂ T ∗X(F ) be any conic subset (not necessarily an algebraic subvariety). Its
Zariski closure S̄ ⊂ T ∗X is also conic.

Lemma 3.1.4. S̄ has the equivalent properties from Lemma 3.1.3 if and only if there is a
finite collection of smooth locally closed subvarieties Ai ⊂ X such that S ⊂

⋃
i

CNX
Ai
(F ) .

Proof. If S̄ ⊂
⋃
i

CNX
Ai
, then S ⊂

⋃
i

CNX
Ai
(F ) . If S ⊂

⋃
i

CNX
Ai
(F ) , then S̄ ⊂

⋃
i

CNX
Ai
. �

The following lemma is well known (see Appendix B for a proof).

Lemma 3.1.5. Let p : X → Y be a morphism of algebraic manifolds. Let T ⊂ T ∗X and
S ⊂ T ∗Y be constructible subsets.

(1) If T is isotropic then p∗(T ) is.
(2) If S is isotropic then p∗(S) is.

For the definition of p∗ and p∗, see Definition 2.3.6 and Remark 2.3.7. Note that since
T and S are constructible so are p∗(T ) and p

∗(S).

3.2. WF-holonomic distributions.

Definition 3.2.1. Let X be an algebraic manifold over F and let E be a locally constant
sheaf on X(F ). A distribution ξ ∈ S∗(X(F ), E) is said to be algebraically WF-holonomic
if the Zariski closure of WF (ξ) is isotropic.

Remark 3.2.2. By Lemmas 3.1.3 and 3.1.4, ξ is algebraically WF-holonomic if and only
if WF (ξ) ⊂

⋃
i

CNX
Ai
(F ) for some smooth locally closed subvarieties A1, . . . , An ⊂ X .

Remark 3.2.3. It can happen that the Zariski closure of WF (ξ) is isotropic but not
Lagrangian (simple examples are given in [Dri, Appendix A]).

Remark 3.2.4. One can also define a more general notion of “analytically WF-holonomic
distribution” for analytic manifolds. However, we will not discuss it in this paper. So we
will use the expression “WF-holonomic” as a shorthand for “algebraically WF-holonomic”.

http://arxiv.org/abs/1303.0576
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Remark 3.2.5. In general, the notion of WF-holonomicity is not as powerful as the notion
of holonomicity given by the theory of D-modules. For example, it is not true that the
Fourier transform of a WF-holonomic distribution on an affine space is WF-holonomic.
Yet if the variety X is compact, then the notion of WF-holonomicity seems to be a good
candidate for replacing the notion of holonomicity in the non-Archimedean case.

The next lemma follows immediately from statements (2) and (3) of Proposition 2.3.5.

Lemma 3.2.6. Let X be an algebraic F -manifold and E a locally constant sheaf over
X(F ). If ξ ∈ G(X(F ), E) is WF-holonomic then there exists a Zariski open dense subset
U ⊂ X such that ξ|U(F ) is smooth.

The fact that inverse and direct images preserve isotropicity (Lemma 3.1.5) and the
properties of the wave front set (Propositions 2.3.8 and 2.3.10) imply the following propo-
sition:

Proposition 3.2.7. Let X be an algebraic F -manifold.

(1) Let E be a locally constant sheaf over X(F ), let ξ ∈ G(X,E) be a WF-holonomic
generalized section and let p : Y → X be a morphism. Assume that WF(ξ)∩Np ⊂
X. Then p∗(ξ) is WF-holonomic.

(2) Let q : X → Y be a regular map, let E be a locally constant sheaf over Y (F )
and let ξ ∈ S(X, q∗(E)) be a WF-holonomic distribution. Assume that the map
Supp(ξ) → Y (F ) induced by q is proper (as a continuous map). Then q∗(ξ) is
WF-holonomic.

We will also use the following corollary of Proposition 2.3.5 (5)

Corollary 3.2.8. Let X be an algebraic manifold and E a locally constant sheaf over
X(F ). Let an algebraic group G act on X and let G(F ) act on E. Let U ⊂ X be a
G-stable open set and Z = X − U . Let ξ ∈ G(X(F ), E)G(F ). Suppose Z has a finite
number of G-orbits and ξ|U(F ) is smooth. Then ξ is WF-holonomic.

By twisting the action of G on E by a quasi-character, we obtain the following version
of Corollary 3.2.8.

Corollary 3.2.9. Let X,G,E, Z, U be as in Corollary 3.2.8. Let ξ ∈ G(X(F ), E).
Suppose ξ|U(F ) is smooth and the line Cξ ⊂ G(X(F ), E) is G(F )-stable (i.e., ξ ∈

G(X(F ), E)G(F ),χ for some quasi-character χ : G(F )→ C×). Then ξ is WF-holonomic.

4. Proof of Theorems A-C

In this section we prove the theorems formulated in §1.1.
Using the notion of WF-holonomic distribution from §3, one can reformulate Theorem C

as follows.

Theorem 4.0.10. Let W be a finite-dimensional F -vector space and X, Y be algebraic
manifolds. Let φ : X → Y ×W be a proper map and let ω be a regular top differential
form on X. Then the partial Fourier transform6

F∗
W (φ∗(|ω|)) ∈ S

∗(Y (F )×W ∗, D
Y (F )×W ∗

Y (F ) ) = G(Y (F )×W ∗, D
Y (F )×W ∗

W ∗ )

6Partial Fourier transform was introduced in Definition 2.3.1. The symbols S∗ and G were introduced

in §§§2.3.1. For the symbols D
Y (F )×W

∗

Y (F ) and D
Y (F )×W

∗

W∗ , see §§§2.3.2.
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is WF-holonomic.

Theorem B is a particular case of Theorem 4.0.10 when Y is a point. Theorem A follows
from Theorem B by virtue of Lemma 3.2.6. Thus it remains to prove Theorem 4.0.10.

4.1. Reduction to the key special case.

Notation 4.1.1. For a vector space W, we denote by W the projective space of one dimen-
sional subspaces of W ⊕ F . We consider W as an open subset of W .

Using Hironaka’s theorem and Nagata’s theorem, we will deduce Theorem 4.0.10 from
Proposition 4.1.4, which is, in fact, a special case of Theorem 4.0.10. To formulate Propo-
sition 4.1.4, we need some notation.

Notation 4.1.2. Let Y be an algebraic manifold and W a vector space. Let φ : Y → W be
an algebraic map. We set Y0 := φ−1(W ) and Y∞ := φ−1(W∞). Assume Y0 is dense in Y .
Let ω be a rational top differential form on Y which is regular on Y0 and let ω0 := ω|Y0.
Define i : Y0 →֒ Y ×W by i(y) := (y, φ(y)) and set

ηφ,ω := i∗(|ω0|) ∈ S
∗(Y (F )×W ) .

We also set

η̂φ,ω := F∗
W (ηφ,ω) ∈ S

∗(Y (F )×W ∗, D
Y (F )×W ∗

Y (F ) ) = G(Y (F )×W ∗, D
Y (F )×W ∗

W ∗ ).

Remark 4.1.3. i∗(|ω0|) is a well-defined measure because the embedding i is closed; to see
this, represent i : Y0 →֒ Y ×W as the composition

Y0
∼
←−Γφ ∩ (Y0 ×W ) = Γφ ∩ (Y ×W ) →֒ Y ×W,

where Γφ ⊂ Y ×W is the graph of φ.

Now we can formulate the key special case of Theorem 4.0.10:

Proposition 4.1.4. Let Y,W, φ, ω, Y∞, Y0 be as in Notation 4.1.2. Let Z ⊂ Y be the zero
locus of ω. Assume Z ∪ Y∞ is an SNC divisor. Then the partial Fourier transform η̂φ,ω
is WF-holonomic.

We will prove this proposition in section 4.2.

Remark 4.1.5. Note that Proposition 4.1.4 is indeed a special case of Theorem 4.0.10.
Namely, if we take X, Y, φ : X → Y ×W and ω from Theorem 4.0.10 equal to Y0, Y, i :
Y0 → Y ×W and ω0 from Notation 4.1.2, then we obtain the assertion of Proposition 4.1.4.
Taking φ to be equal to i is possible because, as mentioned in Remark 4.1.3, the map i is
a closed embedding and hence proper.

In some cases, one can describe η̂φ,ω explicitly. Namely, we have the following straight-
forward calculation:

Lemma 4.1.6. Let (Y,W, φ, ω) be as above. Suppose Imφ ⊂ W . Define fφ ∈ C
∞(Y (F )×

W ∗) by fφ(y, ξ) := ψ(〈ξ, φ(y)〉).
Then the generalized section η̂φ,ω is equal to the continuous section fφ ·prW

∗(|ω|), where
prW : Y ×W → Y is the projection.
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Remark 4.1.7. In fact, the formula

(4) η̂φ,ω = fφ · pr
∗(|ω|)

holds without assuming that Imφ ⊂ W if the r.h.s. of (4) is understood appropriately.
More precisely, Definition 2.3.1 and the definition of ηφ,ω (see Notation 4.1.2) immediately

imply that the scalar product of η̂φ,ω with any h ∈ S(Y (F )×W ∗, D
Y (F )×W ∗

Y (F ) ) equals the

iterated integral ∫

Y0

∫

W ∗

hfφ · pr
∗(|ω|)

(the latter makes sense because after integrating along W ∗, one gets a measure on Y0(F )
with compact support).

Now let us prove Theorem 4.0.10 using Proposition 4.1.4.

Proof of Theorem 4.0.10. Applying Nagata’s Theorem 2.2.4 to the composition X
φ
−→

Y ×W →֒ Y ×W we get a commutative diagram

X →֒

φ

��

X

φ
��

Y ×W →֒ Y ×W

in which the map X → Y × W is proper and the map X →֒X is an open embedding.
Identify X with its image in X .

Let Z ⊂ X be the zero locus of ω, Z be its closure in X and X∞ := X − X . Let
Ξ := Z ∪ X∞ and U := X − Ξ⊂ X . Let ρ : X̃ → X be a resolution of singularities of
X that strictly resolves Ξ, such that ρρ−1(U) : ρ

−1(U)→ U is an isomorphism. Identify U
with ρ−1(U).

Let πY : Y ×W → Y and πW : Y ×W → W be the projections. Let α0 : X̃ → Y be
the composition

X̃
ρ
→ X

φ
→ Y ×W

πY→ Y

and α : X̃ ×W → Y ×W be α0 × IdW . Clearly α is proper. Let β : X̃ → W be the
composition

X̃
ρ
→ X

φ
→ Y ×W

π
W→ W

Let ω′ = ω|U , and consider ω′ as a rational form on X̃ . Let Z ′ ⊂ X̃ be its zero locus.
Note that Z ′ ∪ β−1(W∞) = ρ−1(Ξ) is an SNC divisor. Let j : U → X̃ be the open dense

embedding and i : U → X̃ ×W be the map given by i(x) := (x, β(y)). We have:

φ∗(|ω|) = φ∗(j∗(|ω
′|)) = (φ ◦ j)∗(|ω

′|) = (α ◦ i)∗(|ω
′|) = α∗(i∗(|ω

′|)) =α∗(ηβ,ω′)

and hence, by a standard property of Fourier transform (Proposition 2.3.2(3)), we get

F∗
W (φ∗(|ω|)) = α∗(η̂β,ω′).

By Proposition 4.1.4, the distribution η̂β,ω′ is WF-holonomic. Thus by Proposition 3.2.7
F∗

W (φ∗(|ω|)) is WF-holonomic. �
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4.2. Proof of Proposition 4.1.4. The proof of Proposition 4.1.4 is based on the key
Lemmas 4.2.1 and 4.2.3 below.

4.2.1. The key lemmas. Recall that if W is a finite-dimensional vector space over F ,
then W stands for the space of lines in W ⊕ F . The image in W of a nonzero vector
(w, a) ∈ W ⊕ F will be denoted by (w : a).

Lemma 4.2.1. Let Y be an algebraic manifold and W a vector space over F , with
dimW <∞. Let φ : Y → W be a map defined by φ(y) = (α(y) : p(y)), where α : Y →W
and p : Y → F are regular, p 6= 0 on a dense subset and α has no zeros. Let ω and

ηφ,ω ∈ S
∗(Y (F ) × W ) be as in Notation 4.1.2, so η̂φ,ω ∈ S

∗(Y (F ) × W ∗, D
Y (F )×W ∗

Y (F ) ).

Considering 1
p

as a map Y → P1 = Ā1, we also get η 1
p
,ω ∈ S

∗(Y (F ) × F ) and

η̂ 1
p
,ω ∈ S

∗(Y (F )× F,D
Y (F )×F

Y (F ) ). Then

(5) η̂φ,ω = g∗(η̂ 1
p
,ω),

where g : Y ×W ∗ → Y × F is defined by

(6) g(y, ξ) := (y, 〈ξ, α(y)〉 ), y ∈ Y, ξ ∈ W ∗.

Note that the map g is a submersion (because α has no zeros), so we have a well-defined

map g∗ : S∗(Y (F )×F,D
Y (F )×F

Y (F ) )→ S∗(Y (F )×W ∗, D
Y (F )×W ∗

Y (F ) ) and the r.h.s. of (5) makes
sense.

Remark 4.2.2. If p has no zeros then Lemma 4.2.1 is obvious. To see this, note that by
Lemma 4.1.6, in this case

η̂φ,ω = fφ · prW
∗(|ω|), g∗(η̂ 1

p
,ω) = g∗(f 1

p
· pr∗F (|ω|)) = g∗(f 1

p
) · pr∗W (|ω|),

where fφ : Y (F )×W ∗ → C and f 1
p
: Y (F )× F → C are defined by

(7) fφ(y, ξ) = ψ

(
〈ξ, α(y)〉

p(y)

)
, y ∈ Y, ξ ∈ W ∗,

(8) f 1
p
(y, ν) = ψ

(
ν

p(y)

)
, y ∈ Y, ν ∈ F,

so (5) follows from the equality fφ = g∗(f 1
p
), which is obvious by (6), (7), and (8). (The

case where p has zeros is not much harder in view of Remark 4.1.7.)

Let us give a complete proof now.

Proof of Lemma 4.2.1. Let Y0 = p−1(F − {0}), ω0 = ω|Y0, i 1
p
: Y0 → Y × F be the graph

of 1
p
and iφ : Y0 → Y ×W be the graph of φ.

Recall that Mon(F,W ) stands for the space of monomorphisms from F to W . Let
ν : Y → Mon(F,W ) be given by ν(y)(λ) = λ · α(y). Let ρν : Y × F → Y ×W be the
corresponding map (as in Notation 2.3.3). The map iφ is equal to the composition

Y0
i 1
p

→ Y × F
ρν
→ Y ×W.
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Thus,

(ρν)∗η 1
p
,ω = (ρν)∗((i 1

p
)∗(|ω0|)) = (iφ)∗(|ω0|) = ηφ,ω .

Note that ρνt = g. Thus by Proposition 2.3.4,

η̂φ,ω = (ρνt)
∗(F∗

F (η 1
p
,ω)) = g∗(F∗

F (η 1
p
,ω)) .

�

Lemma 4.2.3. Let Y be the affine space with coordinates y1, . . . , yn. Let p : Y → F be
defined by p =

∏n
i=1 y

li
i , where li ∈ Z≥0. Let ω be the top differential form on Y given by

ω = (
∏n

i=1 y
ri
i )dy1 ∧ · · · ∧ dyn, where ri ∈ Z. Suppose ri ≥ 0 whenever li = 0, so ω is

regular on the set Y0 := {y ∈ Y |p(y) 6= 0} and therefore η 1
p
,ω is well-defined.

Then η̂ 1
p
,ω is WF-holonomic.

This lemma follows from the next one combined with Corollary 3.2.9.

Lemma 4.2.4. In the situation of Lemma 4.2.3 one has

π(α1, · · · , αn)(η̂ 1
p
,ω) = |

n∏

i=1

α−1−ri
i |η̂ 1

p
,ω, (α1, · · · , αn) ∈ (F×)n,

where π denotes the following action of (F×)n on Y × F :

π(α1, · · · , αn) · (y1, · · · , yn, ξ):=(α1y1, · · · , αnyn, ξ

n∏

i=1

αli
i ).

Remark 4.2.5. By Lemma 4.1.6 and Remark 4.1.7,

η̂ 1
p
,ω = g · |dy1 ∧ · · · ∧ dyn|,

where g is the function

g(y, ξ) = ψ(ξ ·

n∏

i=1

y−li
i ) ·

n∏

i=1

|yi|
ri

considered as a generalized function on the whole Y (F ) × F (namely, to compute its
scalar product with any test function, one integrates first with respect to ξ and then with
respect to y). So Lemma 4.2.4 just says that the equality

g(α−1
1 y1, . . . , α

−1
n yn, ξ

n∏

i=1

α−li
i ) =

n∏

i=1

|αi|
−ri · g(y1, . . . yn, ξ)

holds in G(Y (F )×F ) (not merely on the locus yi 6= 0). This is clear. On the other hand,
a formal proof of the lemma is given below.

Proof of Lemma 4.2.4. Consider the action π1 of T := (F×)n on Y given by
π1(α1, · · · , αn) · (y1, · · · , yn) = (α1y1, · · · , αnyn). Let t = (α1, · · · , αn). Clearly,

π1(t)(p) = (

n∏

i=1

α−li
i ) · p and π1(t)(ω) = (

n∏

i=1

α−1−ri
i ) · ω.
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Thus by Proposition 2.3.4, we have

π1(t)F
∗
F (η 1

p
,ω) = F

∗
F (π1(t)η 1

p
,ω) = F

∗
F (η 1

π1(t)(p)
,π1(t)(ω)

) =

= F∗
F

(
η∏n

i=1
α
li
i

p
,(
∏n

i=1 α
−1−ri
i

)ω

)
= |

n∏

i=1

α−1−ri
i | · F∗

F (ρ∏n
i=1 α

li
i

(η 1
p
,ω)) =

= |
n∏

i=1

α−1−ri
i | · ρ∏n

i=1 α
−li
i

(
F∗

F (η 1
p
,ω)
)
.

This implies

π(t)F∗
W (η 1

p
,ω) = |

n∏

i=1

α−1−ri
i | · F∗

W (η 1
p
,ω).

�

4.2.2. Proof of Proposition 4.1.4. Let us introduce the following ad hoc terminology.

Definition 4.2.6. A quadruple (Y,W, φ, ω) as in Notation 4.1.2 is said to be “good” if

η̂φ,ω ∈ S
∗(Y (F )×W ∗, D

Y (F )×W ∗

Y (F ) ) is WF-holonomic.

Our goal is to show that any quadruple (Y,W, φ, ω) satisfying the conditions of Propo-
sition 4.1.4 is good. We will need the following obvious lemma.

Lemma 4.2.7. Let (Y,W, φ, ω) be as above. Let e : U → Y be an étale map and
f ∈ O×(Y ) be an invertible regular function. Then

(1) ηφ,fω = |f | · ηφ,ω.
(2) Let ρf : Y ×W → Y ×W denote the homothety action as in Notation 2.3.3. Then

ηfφ,ω = ρf (ηφ,ω).

(3) Let e∗(φ) denote the composition

U
e
→ Y

φ
→ W

Then
ηe∗(φ),e∗(ω) = (e× IdW )∗(ηφ,ω)

Let us now study how the property of being good depends on (Y,W, φ, ω).

Proposition 4.2.8 (Locality). Let (Y,W, φ, ω) be as above.

(1) Let Y =
⋃
Ui be a Zariski open cover of Y . Suppose that the quadruple

(Ui,W, φ|Ui
, ω|Ui

) is good for each i . Then the quadruple (Y,W, φ, ω) is good.
(2) Let e : U → Y be an étale map. Suppose that the quadruple (Y,W, φ, ω) is good.

Then the quadruple (U,W, e∗(φ), e∗(ω)) is good.

Proof.

(1) By Lemma 4.2.7(3), we have ηφ|U ,ω|U = (ηφ,ω)|U×W . By Lemma 2.3.2, we
get η̂φ|U ,ω|U = (η̂φ,ω)|U(F )×W . By Proposition 2.3.5, this gives WF(η̂φ|U ,ω|U ) =
WF(η̂φ,ω) ∩ (T ∗(U ×W ))(F ). This immediately implies the assertion.

(2) Follows immediately from Lemma 4.2.7(3) and Proposition 3.2.7.
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�

Proposition 4.2.9 (Homogeneity). Let (Y,W, φ, ω) be a good quadruple. Let f1, f2 ∈
O×(Y ) be invertible regular functions. Then (Y,W, f1φ, f2ω) is good.

Proof. By Lemma 4.2.7(1,2), we have ηf1φ,f2ω = (ρf1(|f2| · ηφ,ω). By Proposition
2.3.4, we get F∗

W (ηf1φ,f2ω) = |f2| · ρf−1
1
(F∗

W (ηφ,ω)). By Proposition 2.3.5, this gives

WF(F∗
W (ηf1φ,f2ω)) ⊂ ρ∗f1(WF(F∗

W ((ηφ,ω)))) . This immediately implies the assertion. �

Corollary 4.2.10. Let (Y,W, φ, ω) be a quadruple as above. Assume that dimW = 1, so
we can interpret φ as a rational function on Y . Then the property of being good depends
only on the divisors of φ and ω.

We will also need the following standard lemma.

Lemma 4.2.11. Let D ⊂ U be an SNC divisor inside a smooth algebraic variety. Let Di

be a collection of divisors in U supported7 in D. Then there exist a Zariski cover Vj of
U , étale maps ej : Vj → An and divisors Dji in An such that (Di)|Vj

= e∗j (Dji) and each
Dji is supported in the union of the coordinate hyperplanes.

Now we are ready to prove the following particular case of Proposition 4.1.4.

Lemma 4.2.12. Let (Y,W, φ, ω) be as in Proposition 4.1.4. Moreover, suppose that
W = F and 0 6∈ φ(Y ). Then (Y,W, φ, ω) is good.

Proof. The proof is based on Lemma 4.2.3. We can rewrite φ = 1/p, where p is a regular
function on Y . We know that Ξ := Y∞ ∪ Z is an SNC divisor in Y .

Let D1 be the divisor of p and D2 the divisor of ω. By Lemma 4.2.11, we can find
a Zariski cover Vj of Y , étale maps ej : Vj → An, and divisors Dj1, Dj2 such that
(Di)|Vj

= e∗j (Dji) and the divisors Dji are supported in the union of the coordinate
hyperplanes. By Proposition 4.2.8(1), it is enough to show that for any j the quadruple
(Vj , F,

1
p|Vj

, (ω|Vj
)) is good. By Corollary 4.2.10, we may replace p|Vj

and ω|Vj
by any other

function and form with the same divisor. So by Proposition 4.2.8(2), it is enough to show
that (An, F, 1

q
, ε) is good for some regular function q and top differential form ε on An

such that the divisor of q is Dj1 and the divisor of ε is Dj2. This follows from Lemma
4.2.3. �

Proof of Proposition 4.1.4. Without loss of generality we may assume that Y is irre-
ducible and ω 6= 0.

We have to show that (Y,W, φ, ω) is good. We can cover Y by open subsets Ui so that
φ|Ui

= (fi(x) : pi(x)), where for each i, one of the maps fi : Ui → W and pi : Ui → F
never vanishes.

By Proposition 4.2.8(1), it is enough to show that (Ui,W, φ|Ui
, ω|Ui

) is good.

• The case when pi never vanishes.
By Lemma 4.1.6 (and the fact that a pullback of a WF-holonomic distribution is
WF-holonomic – see Proposition 3.2.7(1)) it is enough to show that |ω| is a WF-
holonomic distribution on Ui. For this it is enough to show that (Ui, F, 1, ω|Ui

) is
good. This follows from Lemma 4.2.12.

7Recall that a divisor on a manifold is an integral linear combination of irreducible subvarieties of
codimension 1. The words “supported in D” mean that each of the subvarieties is contained in D.
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• The case when fi never vanishes.
By Lemma 4.2.1, there exists a submersion g : Ui × W ∗ → Ui × F such that
η̂φ,ω = g∗(η̂ 1

pi
,ω). So by Proposition 3.2.7, it is enough to show that (Ui, F,

1
pi
, ω|Ui

)

is good. This again follows from Lemma 4.2.12.

�

5. Proof of Theorem E

5.1. A fact from symplectic geometry. We will need the following lemma, which will
be proved in Appendix B.

Lemma 5.1.1. Let W be a finite dimensional vector space over F and X be a manifold.
Let E be a vector bundle over Y which is a subbundle of the trivial vector bundle Y ×W .
Let E⊥ ⊂ Y ×W ∗ be its orthogonal complement. Then CNY×W ∗

E⊥ = CNY×W
E .

Here

CNY×W
E ⊂ T ∗(Y ×W ) = T ∗(Y )×W ×W ∗,

CNY×W ∗

E⊥ ⊂ T ∗(Y ×W ∗) = T ∗(Y )×W ∗ ×W,

and the symplectic manifolds T ∗(Y ) ×W ×W ∗ and T ∗(Y )×W ×W ∗ are identified via
the map

W ×W ∗ ∼
−→W ∗ ×W, (w, φ) 7→ (φ,−w).

5.2. Some notation.

Notation 5.2.1.

(1) Let W be a vector space. We denote by P(W ) the projective space whose points
are 1-dimensional subspaces in W ∗. We denote by TautP(W ) the tautological line
bundle of P(W ) which is a subbundle of the trivial bundle with fiber W ∗.

(2) Recall that W := P(W ∗ ⊕ F ).
(3) Let W be a finite dimensional vector space over F and X be a manifold. Let E be

a vector bundle over X which is a subbundle of the trivial bundle X ×W . Then
its orthogonal complement in X ×W ∗ is denoted by E⊥.
In particular, we denote by Taut⊥

P(W ) the orthogonal complement to TautP(W ) ,

which is a co-dimension 1 subbundle of the trivial bundle P(W )×W .

Notation 5.2.2. Given a morphism f : M → N between algebraic manifolds, define
Critf ⊂ T ∗N by Critf := f∗(M) where M ⊂ T ∗M is the zero section and f∗ is as in
Definition 2.3.6(3).

Remark 5.2.3. By Lemma 3.1.5, Critf is isotropic. It is easy to see that if f :M → N is
proper then the subset Critf ⊂ T ∗N is closed.

Remark 5.2.4. The fiber of Critf over y ∈ N is nonzero if and only if y is a critical value
for f :M → N .

Remark 5.2.5. Even if F = C, it can happen that Critf is not Lagrangian (a simple
example is given in[Dri, Appendix A]).

http://arxiv.org/abs/1303.0576
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Notation 5.2.6. For an SNC divisor D on some algebraic manifold, let D̂1 denote the
disjoint union of the irreducible components of D, let D̂2 denote the disjoint union of the
pairwise intersections of the irreducible components of D, and so on. Let D̂ denote the
disjoint union of D̂i, i ≥ 1. Clearly D̂ is smooth, and if D is projective then so is D̂.

5.3. An explicit upper bound for the wave front. Let F be a local field of charac-
teristic 0. Because of the numerous references to §4, the reader may assume for a while
that F is non-Archimedean. However, it will be clear from §§7.2 that this assumption is
not necessary either in §4 or here.

5.3.1. The goal. Consider the following setting (it is essentially8 the same as in the proof
of Theorem 4.0.10 given at the end of §§4.1).

Let X, Y be algebraic manifolds over F andW a vector space over F , with dimW <∞.
Let φ : X → Y ×W be a proper map. Let X0 := φ−1(Y ×W ). Let ω be a top differential
form onX0. Let Z be the closure of the zero set of ω inX . LetD := Z∪φ−1((W−W )×Y ).
Assume that D is an SNC divisor.

Then we have the distribution (φ|X0)∗(|ω|)) on Y (F ) ×W . In §4 we proved that its
partial Fourier transform F∗((φ|X0)∗(|ω|))) is holonomic, which means that

(9) WF (F∗((φ|X0)∗(|ω|))) ⊂ L(F )

for some isotropic algebraic subvariety L ⊂ T ∗(Y ×W ∗).
Our goal now is to describe a specific L with property (9). The definition of L given

below is purely algebro-geometric, so the fact that this L satisfies (9) will imply Theo-
rem E.

5.3.2. Definition of L. Let D̂ be as in Notation 5.2.6. Let D̂′ be the union of those
components of D̂ whose image in D is contained in φ−1(W −W ).

Let π : X → W and τ : X → Y be the compositions of φ : X → Y ×W with the
projections Y ×W → W and Y ×W → Y . Let

π∞ : D̂′ →W −W = P(W ∗)

denote the map induced by π : X → W . Set E := π∗
∞(TautP(W ∗)). Recall (see §§5.2)

that TautP(W ∗) ⊂ P(W ∗)×W ; accordingly, we have a map E → X ×W . Set

(10) D̃ :=(X × 0) ⊔ (D̂ × 0) ⊔ E ;

where ⊔ stands for the disjoint union; clearly D̃ is a manifold equipped with a natural
map µ′ : D̃ → X ×W . Let µ : D̃ → Y ×W be the composition

D̃
µ′

→ X ×W
τ×Id
→ Y ×W.

Let Critµ be as in Notation 5.2.2. By Remark 5.2.3, Critµ ⊂ T ∗(Y ×W ) is an isotropic
closed algebraic subvariety.

Finally, define L ⊂ T ∗(Y ×W ∗) to be the image of Critµ under the symplectic isomor-

phism T ∗(Y ×W )
∼
−→T ∗(Y ×W ∗) from Lemma 5.1.1.

8Only the notation is slightly different: here we denote by X and φ the objects that were denoted by
X̃ and φ̄ ◦ ρ in the proof of Theorem 4.0.10.
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Theorem 5.3.1. We keep the notation of §5.3.1. Let L be as in §5.3.2. Then
WF (F∗((φ|X0)∗(|ω|))) ⊂ L(F ).

Before proving Theorem 5.3.1, let us formulate two corollaries in the case that Y is a
point. In this case the wave front in question is a subset of T ∗(W ∗) = W ∗ ×W , and the
next corollary gives an upper bound for its intersection with (W ∗ − 0)× (W − 0).

Corollary 5.3.2. Let X be an algebraic manifold and W a vector space over F , with
dimW < ∞. Let φ : X → W be a proper map. Let X0 := φ−1(W ). Let ω be a
top differential form on X0. Let Z be the closure of the zero set of ω in X. Let D =
Z ∪ φ−1(W −W ). Assume that D is an SNC divisor.

Let D̂ be as in Notation 5.2.6. Let D̂′ be the union of those components of D̂ whose
image in D is contained in X − X0. Let π∞ : D̂′ → W −W = P(W ∗) be the natural
map. Define PCritπ∞

⊂ P(W ∗) × P(W ) to be the set of pairs (z,H), where z ∈ P(W ∗)

and H ⊂ P(W ∗) is a projective hyperplane9 containing z such that π∞ : D̂′ → P(W ∗) is
not transversal10 to H at some point of π−1

∞ (z). Let L′ ⊂ (W ∗ − 0)× (W − 0) denote the
preimage of PCritπ∞

with respect to the map

(W ∗ − 0)× (W − 0)→ P(W )× P(W ∗) = P(W ∗)× P(W ).

Then

(a) L′ ⊂ (W ∗ − 0)× (W − 0) is an isotropic closed algebraic subvariety.
(b) WF (F∗((φ|X0)∗(|ω|))) ∩ ((W ∗ − 0)× (W − 0)) ⊂ L′(F ).

Remark 5.3.3. The set PCritπ∞
⊂ P(W ∗)× P(W ) introduced above is the “projectiviza-

tion” of the set Critπ∞
⊂ T ∗(P(W ∗)) from Notation 5.2.2. More precisely, PCritπ∞

canonically identifies with the quotient of Critπ∞
−{zero section} by the action of Gm .

Proof. Let p : W − 0 → P(W ∗) be the canonical map. We have an isotropic closed
algebraic subvariety

(11) p∗(Critπ∞
) ⊂ T ∗(W − 0) = (W − 0)×W ∗ = W ∗ × (W − 0).

By Remark 5.3.3 and the definition of L′, we have

(12) L′ = p∗(Critπ∞
) ∩ ((W ∗ − 0)× (W − 0)),

which proves statement (a).

Let D̃ and µ: D̃ → Y ×W = W be as in §5.3.2. By Theorem 5.3.1,

(13) WF (F∗((φ|X0)∗(|ω|))) ∩ (W ∗ × (W − 0)) ⊂ Critµ(F ) ∩ ((W − 0)×W ∗)

(here we identify W ×W ∗ with W ∗ ×W , just as in formula (11)).

Our D̃ was defined by formula (10) to be a disjoint union of three sets. It is clear that
µ−1(W − 0) is contained in the third one, denoted by E. Moreover, one has a Cartesian

9Recall that a point of P(W ) is the same as a hyperplane H ⊂ P(W ∗).
10By definition, non-transversality of π∞ : D̂′ → P(W ∗) to H at x ∈ π−1

∞
(H) means that the image of

dxπ∞ : TxD̂
′ → Tπ∞(x)P(W

∗) is contained in Tπ∞(x)H .



THE WAVE FRONT SET OF THE FOURIER TRANSFORM OF ALGEBRAIC MEASURES 25

square

µ−1(W − 0) //

��

W − 0

p

��
D̂′ π∞ // P(W ∗)

So the r.h.s. of (13) equals p∗(Critπ∞
). Thus we see that

WF (F∗((φ|X0)∗(|ω|))) ∩ ((W ∗ − 0)× (W − 0)) ⊂ p∗(Critπ∞
) ∩ ((W ∗ − 0)× (W − 0)).

Combining this with (12), we get statement (b). �

Corollary 5.3.4. Let X,W, φ, ω, D̂′ and π∞ be as in Corollary 5.3.2. Define U to be the
set of all ℓ ∈ W ∗−0 such that the map π∞ : D̂′ → P(W ∗) is transversal to the hyperplane
Hℓ ⊂ P(W ∗) corresponding to ℓ. Then F∗((φ|X0)∗(|ω|))|U(F ) is smooth.

It is clear that U is Zariski open in W ∗ − 0.

Proof. By Corollary 5.3.2, F∗((φ|X0)∗(|ω|)) is smooth on the open subset

(14) (W ∗ − 0)− q−1(p(PCritπ∞
)) ⊂W ∗ − 0,

where q : W ∗ − 0 → P(W ) and p : P(W ∗) × P(W ) → P(W ) are the projections and
PCritπ∞

⊂ P(W ∗)×P(W ) is as in Corollary 5.3.2. The subset (14) clearly equals U . �

5.4. Proof of Theorem 5.3.1. We will proceed in stages analogous to the stages of the
proof of theorem C.

Lemma 5.4.1. Let Y be an algebraic manifold. Let p : Y → F be a regular function
such that p 6= 0 on a dense subset Y0. Let ω be a rational top differential form on Y
which is regular on Y0. Let D be the union of the zero sets of ω and of p. Assume that
D is an SNC divisor. Just as in Notation 4.1.2, let η 1

p
,ω ∈ S

∗(Y (F ) × F ) denote the

pushforward of |ω| with respect to the map Y0 → Y × F given by y 7→ (y, p(y)−1). Let

η̂ 1
p
,ω ∈ S

∗(Y (F )× F,D
Y (F )×F

Y (F ) ) be its partial Fourier transform.

Let D̂ be as in Notation 5.2.6. Let D̂′ be the union of those components of D̂ whose
image in D is contained in the zero set of p.

Let H̃ := (Y × F ) ⊔ (D̂ × F ) ⊔ (D̂′ × 0). We have a natural map ν : H̃ → Y × F .
Then

WF (η̂ 1
p
,ω) ⊂ Critν(F )

Proof. Just as in the proof of lemma 4.2.12, it suffices to consider the case where Y is an
affine space and p and ω are given by monomials. In this case the statement follows from
Lemma 4.2.4 and Proposition 2.3.5(5). �

Proposition 5.4.2. Let Y be an algebraic manifold and W a vector space over F , with
dimW < ∞. Let φ : Y → W be a regular map. Let Y0 := φ−1(W ). Let ω be a
rational top differential form on Y which is regular on Y0. Let Z be the zero set of ω. Let
D = Z ∪ φ−1(W −W ). Assume that D is an SNC divisor. Just as in Notation 4.1.2, let
ηφ,ω ∈ S

∗(Y (F )×W ) denote the pushforward of |ω| with respect to the map Y0 → Y ×W
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given by y 7→ (y, φ(y)). Let η̂φ,ω ∈ S
∗(Y (F ) × W ∗, D

Y (F )×W ∗

Y (F ) ) be its partial Fourier

transform.
Let D̂ be as in Notation 5.2.6. Let D̂′ be the union of those components of D̂ whose

image in D is contained in φ−1(W −W ).

Consider φD̂′ as a map φD̂′ : D̂′ → P(W ∗) and G := φ∗
D̂′
(Taut⊥P(W ∗)) as a subvariety of

Y ×W ∗. Let H̃ := (Y ×W ∗)⊔ (D̂ ×W ∗)⊔G. We have a natural map ν : H̃ → Y ×W ∗.
Then WF (η̂φ,ω) ⊂ Critν(F ).

Proof. We follow the proof of Proposition 4.1.4. The claim is local, so we can reduce the
problem to the case when φ = (f : p) where f : Y → W and p : Y → F are regular
functions and one of them never vanishes. Let us analyze the two cases:

• The case when p never vanishes.
By Lemma 4.1.6.

WF (η̂φ,ω) = WF (fφ · prW
∗(|ω|))⊂WF (prW

∗(|ω|))⊂prW
∗(WF (|ω|)).

The assertion follows now from Lemma 5.4.1 (after noticing that in this case D′
i

and Gi are empty).
• The case when f never vanishes.
By Lemma 4.2.1, we have a submersion g : Y ×W ∗ → Y × F such that η̂φ,ω =

g∗(η̂ 1
p
,ω). So by Proposition 2.3.8 (2), WF (η̂φ,ω) ⊂ g∗(WF (η̂ 1

p
,ω)). Let H̃1 and

ν1 : H̃1 → Y ×F be the variety H̃ and map ν from Lemma 5.4.1. By Lemma 5.4.1,
it is enough to show that Critν = g∗(Critν1). Let D̂j, D̂

′
j ⊂ Y and Gj ⊂ Y ×W ∗

be the components of D̂, D̂′ and G. Note that

Critν1 = (Y × F ) ∪
⋃

CNY×F

D̂j ×F
∪
⋃

CNY×F

D̂′

j×0

and

(15) Critν = (Y ×W ∗) ∪
⋃

CNY×W ∗

D̂j×W ∗
∪
⋃

CNY×W ∗

Gj

The assertion follows now from the fact that Gj = g−1(D̂j × 0).

�

Corollary 5.4.3. In the notations of Proposition 5.4.2, let E := φ∗
D̂′
(TautP(W ∗)) as a

subvariety of Y ×W . Let D̃ := (Y × 0) ⊔ (D̂ × 0)⊔E . We have a natural map µ : D̃ →

Y ×W . Let ρ : T ∗(Y ×W )
∼
−→T ∗(Y ×W ∗) be the standard identification (as in Lemma

5.1.1).
Then WF (η̂φ,ω) ⊂ ρ(Critµ)(F ).

Proof. By Proposition 5.4.2, it suffices to show that Critν = ρ(Critµ). Combining for-
mula (15) with Lemma 5.1.1, we get

Critν = ρ
(
(Y × 0) ∪

⋃
CNY×W

D̂j×0
∪
⋃

CNY×W

G⊥

j

)
.

Clearly, E = G⊥ ⊂ D̂ ×W. Thus G⊥
j are the components of E. Therefore, (Y × 0) ∪⋃

CNY×W

D̂j×0
∪
⋃
CNY×W

G⊥

j

= Critµ . �



THE WAVE FRONT SET OF THE FOURIER TRANSFORM OF ALGEBRAIC MEASURES 27

From Corollary 5.4.3 one deduces the following statement (using Proposition 2.3.8(3)
in the same way as in the proof of Theorem 4.0.10):

Corollary 5.4.4. In the situation of Theorem 5.3.1, we have

WF (F∗((φ|X0)∗(|ω|))) ⊂ (τ × IdW ∗)∗(ρ(Critµ′))(F )

where µ′ : D̃ → X×W and τ : X → Y are as in §5.3.2 and ρ : T ∗(Y ×W )
∼
−→T ∗(Y ×W ∗)

is the standard identification (as in Lemma 5.1.1). �

Theorem 5.3.1 follows from this corollary in view of the following lemma:

Lemma 5.4.5. Let X, Y be manifolds and V be a vector space. Let A ⊂ T ∗(X × V ) =
T ∗(X×V ∗) be a subset. Let φ : X → Y be a map. Then (φ×IdV )∗(A) = (φ×IdV ∗)∗(A).

Note that in the left hand side A is considered as a subset in T ∗(X×V ) and in the right
hand side A is considered as a subset in T ∗(X × V ∗). The equality is under the standard
identification T ∗(Y × V ) = T ∗(Y × V ∗).

Proof. The lemma follows from Remark 2.3.7 and the equality

Λφ×IdV = Λφ×IdV ∗ ,

where Λφ×IdV and Λφ×IdV ∗ have the same meaning as in Remark 2.3.7. �

6. Proof of Theorem F in the non-Archimedean case

In this section we deduce Theorem F from Theorem E assuming that the local field F is
non-Archimedean. A slight modification of the same argument allows to prove Theorem F
in the Archimedean case as well, see §7.2 below.

In Theorem F we are given φ : X → Y ×W and p : X → K. Let φ′ = φ×p : X → Y ×
W ×K. The idea is to apply Theorem E toW×K instead ofW and φ′ : X → Y ×W×K
instead of φ := X → Y ×W . Let L′ ⊂ T ∗(Y ×W ∗ × K) be the isotropic subvariety
provided by Theorem E in this situation (in particular, L′ is stable under the homotheties
of W ∗). We can also assume that L′ is conic (otherwise replace L′ by its biggest conic
subvariety). Consider the embedding j : Y ×W ∗ = Y ×W ∗×{1} →֒ Y ×W ∗×F . Define
L to be the Zarizki closure11 of j∗(L′), where j∗ has the same meaning as in Definition
2.3.6(2). By Lemma 3.1.5 and Remark 3.1.1, L is isotropic.

Let us show that L has the property required in Theorem F. Let F be a local field
equipped with an embedding K →֒ F . Set WF := W ⊗K F . The problem is to show that
the wave front of the distribution

(16) µ :=F∗
WF

((φF )∗((ψ ◦ pF ) · |ωF |))= F
∗
WF

((φF )∗(p
∗
F (ψ) · |ωF |))

is contained in L(F ). By the definition of L′, the wave front of the distribution

(17) µ′ :=F∗
WF×F ((φ

′
F )∗(|ωF |))

is contained in L′(F ).
First, let us show that

(18) µ = µ′|Y (F )×W ∗

F
×{1}

11In fact, j∗(L′) is closed, but this is not essential to us.
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where the equality (18) is understood in the sense of Definition 2.3.11. To this end, for
each t ∈ F consider the distribution

µt := F
∗
WF

((φF )∗(p
∗
F (ψt) · |ωF |)),

where ψt is the additive character of F defined by ψt(x) = ψ(tx). Note that µ1 = µ, so
(18) follows from the next lemma.

Lemma 6.0.6.

(1) {µt}t∈F is a continuous family of distributions12 on Y (F )×W ∗
F .

(2) The distribution on Y (F ) ×W ∗
F × F corresponding to the family {µt} equals µ′;

that is, for any f ∈ S(Y (F )×W ∗
F ,CY (F ) ⊠DW ∗

F
) and g ∈ S(F ), we have

(19) 〈µ′, f ⊠ g〉 =

∫

t∈F

µt(f)g(t)dt.

Proof. Statement (1) is clear. Let us prove (2). We have:

〈µ′, f ⊠ g〉 = 〈(φ′
F )∗(|ωF |),FWF

(f)⊠ FF (g)〉 = 〈|ωF |, (φ
′
F )

∗(FWF
(f)⊠ FF (g))〉 =

= 〈|ωF |, (φF )
∗(FWF

(f)) · p∗F (FF (g))〉 =

〈
|ωF |, (φF )

∗(FWF
(f)) · p∗F

(∫

t∈F

ψt · g(t)dt

)〉

On the other hand
∫

t∈F

〈µt, f〉 g(t)dt =

∫

t∈F

〈(φF )∗(|ωF | · p
∗
F (ψt)),FWF

(f)〉 g(t)dt =

=

∫

t∈F

〈(|ωF | · p
∗
F (ψt), (φF )

∗(FWF
(f))〉 g(t)dt =

∫

t∈F

〈|ωF |, (φF )
∗(FWF

(f)) · p∗F (ψt)〉 g(t)dt

So it remains to prove that
〈
|ωF |, (φF )

∗(FWF
(f)) · p∗F

(∫

t∈F

ψt · g(t)dt

)〉
=

∫

t∈F

〈|ωF |, (φF )
∗(FWF

(f)) · p∗F (ψt)〉 g(t)dt

This follows from the fact that, for each particular f and g, the integral can be replaced
by a finite sum. �

Thus we have proved (18). By assumption, the wave front of µ′ is contained in L′(F ).
So by Corollary 2.3.14, to prove that the wave front of µ is contained in L(F ) := (j∗L′)(F ),
it suffices to check that L′(F ) satisfies the condition of Proposition 2.3.13. In other words,
we have to check that if z ∈ j(Y ×W ∗) and ξ ∈ T ∗

z (Y ×W
∗×K) are such that (z, ξ) ∈ L′

and ξ is conormal to k(Y ×W ) then ξ = 0. Recall that L′ is assumed to be conic and
stable under the action of the multiplicative group Gm on Y ×W ∗ ×K that comes from
homotheties ofW ∗×K; in other words, L is stable under Gm×Gm . So the tangent space
to the (Gm × Gm)-orbit of (z, ξ) has to be isotropic. This means that ξ vanishes on the
tangent space to the Gm-orbit of z. On the other hand, ξ is assumed to be conormal to
j(Y ×W ∗). So ξ = 0.

12As usual, the space of distributions on Y (F )×W ∗

F
is equipped with the weak topology.
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7. The Archimedean case

In §§7.1 we recall the terminology relevant for the Archimedean case (in particular,
the notion of partially Schwartz distribution). In §§7.2 we explain what should be added
to the proof from §4 of non-Archimedean case to make it valid in the Archimedean case
(essentially, the only new ingredient is the elementary Lemma 7.2.1).

Throughout the section F is an Archimedean field (i.e. F is R or C). Recall that we
equip F with the normalized absolute value, which in case of F = C is the square of the
classical one.

7.1. Distributions in the Archimedean case. Let M be a smooth (real) manifold.
Recall that the space C∞

c (M) of test functions on M is the space of smooth compactly
supported functions endowed with the standard topology (recall that in this topology, a
sequence converges if and only if it has a compact joint support and converges uniformly
with all its derivatives). Recall also that the space of distributions C−∞(M,DM) on M
is defined to be the dual of C∞

c (M). Similarly, for any smooth vector bundle we can
consider its smooth compactly supported sections and generalized sections.

We will use the same notations as in §§2.3 but we will replace S with C∞
c and G with

C−∞. The reason is that S and G stands for Schwartz, and in the non-Archimedean
case Schwartz functions are just smooth compactly supported functions and Schwartz
distributions are just distributions, unlike the Archimedean case.

The content of §§§2.3.1 and §§§2.3.2 holds for the Archimedean case, with the obvious
modifications (e.g. l-spaces are replaced with smooth manifolds and locally constant
sheaves are replaced with smooth vector bundles). The statements of §§§2.3.4 hold with
minor modifications. In particular, the role of Definition 2.3.11 is played by the following
one.

Definition 7.1.1. Let ξ ∈ C−∞(X ×Y ) be a generalized function on a product of analytic
manifolds. We will say that ξ depends continuously on Y if

(i) for any f ∈ C∞
c (X,DX), the generalized function ξf ∈ C

−∞(Y ) given by ξf(g) =
ξ(f ⊠ g) is continuous;

(ii) for any y ∈ Y , the functional f 7→ ξf(y) is continuous.
In this case we define ξ|X×{y} ∈ C

−∞(X × {y}) by ξ|X×{y}(f) := ξf(y).

Remark 7.1.2. Using the closed graph theorem one can show that (i) implies (ii) (and
moreover, (i) implies continuity of the map C∞

c (X,DX) → C(Y ) given by f 7→ ξf). We
will not need this fact.

We present the rest of the content of §§§2.3.4, with more details, for both the
Archimedean and the non-Archimedean case, in Appendix A.

In order to discuss partial Fourier transform as in §§§2.3.3 we will need to discuss test
functions which are partially Schwartz.

Definition 7.1.3. Let M be a smooth manifold and V be a real vector space.

(1) We define the space C∞,V
c (M×V ) of partially Schwartz (along V ) test functions on

M × V to be the space of all smooth functions f on M × V such that Supp(f) ⊂
K × V for some compact K ⊂ M , and for any polynomial differential operator
D on V and any smooth differential operator D′ on M , the function D′Df is
bounded.
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(2) We define a topology on this space in the following way. For any compact K ⊂M ,

we let C∞,V
K (M×V ) be the subspace of C∞,V

c (M×V ) that consists of all functions

supported on K × V . We define the topology on C∞,V
K (M × V ) by the semi-

norms f 7→ |D′Df |, where D′ and D are as above. We define the topology on
C∞,V

c (M × V ) to be the direct limit topology.
(3) Let ξ be a distribution onM×V , i.e., a continuous linear functional on C∞

c (M×V ).
We say that ξ is partially Schwartz along V if this functional can be continuously
extended to the space of partially Schwartz test functions.

(4) We can clearly extend the above definition to generalized sections of bundles of
the type E ⊠DV , where E is a bundle on M .

(5) We say that a generalized section of E⊠CV , (where CV is the constant bundle on
V ) is partially Schwartz if it becomes so after multiplication by a Haar measure
on V .

(6) The space of Schwartz generalized sections will be denoted by C−∞,V (. . . ).

Now the results of §§§2.3.3 (with natural modifications) are valid (with the same stan-
dard proofs) for distributions which are partially Schwartz along the relevant vector space.
Here is the precise formulation, whose only new ingredient is the fact that the operations
performed on distributions preserve the partially Schwartz property.

Proposition 7.1.4. Let W,L be a real vector spaces and X be a smooth manifold. Let
ξ ∈ C−∞(X ×W,DX×W ), which is Schwartz along W .

(1) Let U ⊂ X be an open set. Then ξU×W is partially Schwartz along W and
F∗

W (ξ)|U×W ∗ = F∗
W (ξ|U×W ).

(2) Let ξ′ ∈ C−∞(X ×W,DX×W ) and let X =
⋃
Ui be an open cover of X. Assume

that ξ′|U×W is partially Schwartz along W . Then ξ′ is partially Schwartz along W .
(3) Let f ∈ C∞(X) be a smooth function. Then fξ is partially Schwartz along W and
F∗

W (fξ) = fF∗
W (ξ).

(4) Let p : X → Y be a proper map of smooth manifolds. Then p∗ξ is partially
Schwartz along W and F∗

W (p∗ξ) = p∗F
∗
W (ξ).

(5) Let ν be as in Lemma 2.3.4 and ρν be as in Notation 2.3.3 Then the vertical arrows
in the following diagram preserve the space of partially Schwartz functions and it
is commutative.

C−∞,W ∗

(X ×W ∗) oo
F∗

W

OO

(ρνt )
∗

C−∞,W (X ×W,CX ⊠DW )
OO

(ρν)∗

C−∞,L∗

(X × L∗) oo
F∗

L
C−∞,L(X × L,CX ⊠DL)

7.2. On the proofs of the main results in the Archimedean case. The proof of
Theorem D follows the same lines as the proof of Theorem C, but in each step we have to
check that the distributions we consider are partially Schwartz along the relevant vector
space. In other words we should prove parts (i) and (ii) of Theorem D together. The
reduction to Lemma 4.2.3 is the same as in Theorem C, but in Lemma 4.2.3 itself we need
to be more careful. Namely, we have to precede it with the following lemma:
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Lemma 7.2.1. Let Y be the affine space with coordinates y1, . . . , yn. Let p : Y → F be
defined by p =

∏n
i=1 y

li
i , where li ∈ Z≥0. Let ω be the top differential form on Y given by

ω = (
∏n

i=1 y
ri
i )dy1∧· · ·∧dyn, where ri ∈ Z. Suppose ri ≥ 0 whenever li = 0, so ω is regular

on the set Y0 := {y ∈ Y |p(y) 6= 0}. Define i : Y0 →֒ Y × F by i(y) := (y, p(y)−1). Then
the distribution i∗(|ω|) is Schwartz, and in particular it is partially Schwartz along F .

Proof. Consider the scalar product of i∗(|ω|) against f ∈ C
∞
c (Y × F ). It suffices to get

for it an estimate of the form

(20) |i∗(|ω|)(f)| ≤ sup
(y,x)∈Y ×F

|u(y, x)f(y, x)|,

where u is some polynomial on Y × F .

For brevity, write y instead of (y1, . . . , yn) and y
r instead of

n∏
i=1

yrii . Set

s(y) :=
n∏

i=1

(1 + |y2i |).

We have

|i∗(|ω|)(f)| = |

∫

Y0

yrf(y, p(y)−1)dy| ≤

≤

∫

Y0

|yr| · |f(y, p(y)−1)|dy ≤ C · sup
y∈Y0

s(y) · |yr| · |f(y, p(y)−1)|,

where C :=
∫
Y

s(y)−1dy.

The conditions on li and ri imply that for N big enough the function q(y) := p(y)N · yr

is a polynomial. We have

sup
y∈Y0

s(y) · |yr| · |f(y, p(y)−1)| = sup
y∈Y0

s(y) · |q(y)| · |p(y)|−N · |f(y, p(y)−1)| ≤

≤ sup
(y,x)∈Y×F

s(y) · |q(y)| · |xN | · |f(y, x)|.

Thus we get an estimate of the form (20). �

Theorems E and 5.3.1 and Corollary 5.3.2 are also proven in the same way as in the
non-Archimedean case. So we are left with Lemma G and Theorem F.

In fact, we will need a slightly stronger version of Lemma G. For its formulation we
will need the following notion.13

Definition 7.2.2. Let V be a real vector space and X, Y be smooth manifolds. We call
a family of generalized functions ξt ∈ C−∞,V (Y × V ) parameterized by t ∈ X strictly
continuous if it gives rise to a continuous map C∞,V

c (Y × V,DY×V ) → C(X), where the
topology on C(X) is the open compact one.

The following lemma is a stronger version of Lemma G:

13In connection with Definition 7.2.2, see Definition 7.1.1 and Remark 7.1.2.
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Lemma 7.2.3. In the situation of Lemma G, set

ξt := (φF )∗((ψt ◦ pF ) · |ωF |) ∈ C
−∞(Y (F )×WF , DY (F )×WF

),

where t ∈ F and ψt is the additive character of F defined by ψt(x) = ψ(tx). Then each
ξt is partially Schwartz along WF and the family of distributions ξt, t ∈ F , is strictly
continuous.

In order to prove this lemma we will need the following one:

Lemma 7.2.4. Let Y be an algebraic manifold and let V1, V2 be finite dimensional F -
vector spaces. Choose a Haar measure on V2. Let Z ⊂ Y × V1 × V2 be an algebraic
subvariety such that the projection of Z to Y × V1 is proper (and hence finite). Let ξ be a
distribution on Y (F )× V1 × V2 which is Schwartz along V1 × V2 and supported on Z(F ).
Let p : Y × V1 × V2 → Y × V1 be the projection. Then p∗(ξ) is Schwartz along V1.

Moreover, if ξt ∈ C−∞,V1×V2(Y (F ) × V1 × V2) is a strictly continuous family of dis-
tributions which are supported on Z(F ), then p∗(ξt) ∈ C−∞,V1(Y (F ) × V1) is a strictly
continuous family of distributions.

For the proof we will need the following lemma:

Lemma 7.2.5. Let Y be an affine algebraic manifold and V be a finite dimensional F -
vector space. Let Z ⊂ Y × V be an algebraic subvariety such that the projection of Z to
Y is proper (and hence finite). Then there exists a real polynomial p on Y and a norm
‖ · ‖ on V such that for any (y, v) ∈ Z(F ), we have max(‖v‖, 1) ≤ p(y).

Proof. Let zi be the coordinates on V . Since the projection of Z to Y is finite, we can
find polynomials {aij}j=1...Ni

on Y such that (zi)
Ni+1 +

∑
j=1...Ni

aij(y)(zi)
j = 0 for all

(y, z) ∈ Z(F ). This easily implies the assertion. �

Proof of Lemma 7.2.4. We can assume that Y is affine. By Lemma 7.2.5, we can find a real
polynomial p on Y × V1 such that for any (y, v1, v2) ∈ Z(F ), we have max(‖v‖, 1) ≤ p(y).
Let φ be a smooth function on R such that φ([−1, 1]) = 1 and φ(R − [−2, 2]) = 0. Let
f ∈ C∞(Y × V1 × V2) be defined by f(y, v1, v2) = φ(‖v2‖/p(y, v1)). Let

pr : X × V1 × V2 → X × V1

be the projection. Define

pr∗p : C
∞
c (X × V1, DX×V1)→ C∞

c (X × V1 × V2, DX×V1×V2)

by pr∗p(g) = pr∗(g) · f . It is easy to see that pr∗p can be continuously extended to a map

C∞,V1
c (X × V1)→ C∞,V1×V2

c (X × V1 × V2)

and that for any g ∈ C∞
c (X × V1) and ξ ∈ C

−∞
c (X × V1 × V2), we have:

〈ξ, pr∗p(f)〉 = 〈pr∗(ξ), f〉.

This proves the assertion. �

Now we can deduce Lemma 7.2.3 from Lemma 7.2.4 and Theorem D(i).
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Proof of Lemma 7.2.3. Let φ′ = φ × p : X → Y ×W × K and ξ′ := (φ′
F )∗(|ωF |). By

Theorem D(i) the distribution ξ′ is partially Schwartz with respect to W × F . For any
t ∈ F , let ξ′t := ξ′ · 1Y (F )×WF

⊠ ψt. It is easy to see that ξ′t is a strictly continuous
family of partially Schwartz distributions and pr∗(ξ

′
t) = ξt. Lemma 7.2.4 now implies the

assertion. �

Now let us prove Lemma 6.0.6 in the Archimedean case. The distributions µt and µ
′

from Lemma 6.0.6 can be written as

µt = F
∗
WF

(ξt), µ′ = F∗
WF

(η),

where

(21) ξt := (φF )∗((ψt ◦ pF ) · |ωF |), t ∈ F,

(22) η := F∗
F ((φ

′
F )∗(|ωF |)),

and φ′ : X → Y ×W ×K is defined by φ′ = φ× p. By Lemma 7.2.3, each ξt is partially
Schwartz alongWF and the family of distributions {ξt} is strictly continuous. So each µt is
a well-defined distribution and the family {µt} is continuous. This proves Lemma 6.0.6(1).
It is easy to check that the distribution on Y (F )×WF × F corresponding to the family
{ξt} equals η. By strict continuity of {ξt}, this implies Lemma 6.0.6(2), which says that
the distribution on Y (F )×W ∗

F × F corresponding to the family {µt} equals µ
′.

Theorem F is deduced from Lemma 6.0.6 just as in the non-Archimedean case.

Appendix A. The wave front set

In this section we give an overview of the theory of the wave front set as developed in
[Hör] for the Archimedean case and in [Hef] for the non-Archimedean case.

We will discuss these two cases simultaneously. We will discuss the wave front set
of general distributions which are functionals on smooth compactly supported functions.
We will use the notations C−∞ and C∞

c for the spaces of generalized functions and test
functions as in §§7.1. Note that in the non-Archimedean case, there is no difference
between Schwartz functions and smooth compactly supported functions, and between
general distributions and Schwartz distributions.

We explain here the results that we quote in §2.3.4. We give an explicit reference for
some of them and provide proofs for the others.

Definition A.0.1.

(1) Let V be an F -vector space, with dimV < ∞. Let f ∈ C∞(V ∗) and w0 ∈ V ∗.
We say that f vanishes asymptotically in the direction of w0 if there exists ρ ∈
C∞

c (V ∗) with ρ(w0) 6= 0 such that the function φ ∈ C∞(V ∗ × F ) defined by
φ(w, λ) := f(λw) · ρ(w) is a Schwartz function.

(2) Let U ⊂ V be an open set and ν ∈ C−∞(U,DU). Let x0 ∈ U and w0 ∈ V
∗. We

say that ν is smooth at (x0, w0) if there exists a compactly supported non-negative
function ρ ∈ C∞

c (V ) with ρ(x0) 6= 0 such that F∗(ρ · ν) vanishes asymptotically
in the direction of w0.

(3) The complement in T ∗U of the set of smooth pairs (x0, w0) of ν is called the wave
front set of ν and denoted by WF (ν).

http://projecteuclid.org/euclid.pjm/1102707065
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Remark A.0.2. Let WFH(ν) denote the wave front set defined by L. Hörmander [Hör,
Definition 8.1.2] for F = R and by D. Heifetz [Hef] for non-Archimedean fields F . Let us
explain the relation between WFH(ν) and WF (ν). First of all, WFH(ν) is a subset of
T ∗U − (U × {0}) stable under multiplication by λ ∈ Λ, where Λ ⊂ F× is some open sub-
group (the definition of WFH from [Hef] explicitly depends on a choice of Λ, Hörmander
always takes Λ = R>0), However it is not necessarily stable under multiplication by F×.
Second,

(23) WF (ν)− (U × {0}) = F× ·WFH(ν).

To prove (23) for F = R, one needs the following observation. In Definition A.0.1(2) we
require not only the function F∗(ρ · ν) to rapidly decay at ∞ but also the same property
for DF∗(ρ · ν), where D is any differential operator with constant coefficients. However,
it suffices to require the rapid decay of F∗(ρ · ν) (as in [Hör, Definition 8.1.2]): the rest
follows from [Hör, Lemma 8.1.1] combined with the formula DF∗(ρ · ν) = F∗(p · ρ · ν),
where p is the polynomial corresponding to D.

The following lemma is trivial.

Lemma A.0.3. Proposition 2.3.5 (1)-(4) holds for the case when X⊂F n is an open set
and ξ ∈ C−∞(X,DX). Namely:

(1) PT ∗(X)(WF (ξ)) = WF (ξ) ∩ (X) = Supp(ξ).
(2) WF (ξ) ⊂ X if and only if ξ is smooth.
(3) Let U ⊂ X be an open set. Then WF (ξ|U) = WF (ξ) ∩ T ∗(U).
(4) Let ξ′ ∈ C−∞(X,DX) and f, f

′ ⊂ C∞(X). Then

WF (fξ + f ′ξ′) ⊂WF (ξ) ∪WF (ξ′).

Corollary A.0.4. For any locally constant sheaf (or, in the Archimedean case, a vector
bundle) E on X, we can define the wave front set of any element in C−∞(X,E). Moreover,
the last lemma (Lemma A.0.3) will hold in this case, too.

Proposition A.0.5 (see [Hör, Theorem 8.2.4] and [Hef, Theorem 2.8.]). Let U ⊂ Fm

and V ⊂ F n be open subsets, and suppose that f : U → V is an analytic submersion.
Then for any ξ ∈ G(V ), we have WF (f ∗(ξ)) ⊂ f ∗(WF (ξ)).

Corollary A.0.6. Let V, U ⊂ F n be open subsets and f : V → U be an analytic isomor-
phism. Then for any ξ ∈ G(V ), we have WF (f ∗(ξ)) = f ∗(WF (ξ)).

Corollary A.0.7. Let X be an analytic manifold, E be a locally constant sheaf (or, in
the Archimedean case, a vector bundle) on X . We can define the wave front set of any
element in S∗(X,E) and G(X,E). Moreover, Lemma A.0.3 and Proposition A.0.5 hold
for this case.

Proposition A.0.8. Proposition 2.3.5 (5) holds.
Namely, let G be an analytic group acting on an analytic manifold X and a locally

constant sheaf (or, in the Archimedean case, a vector bundle) E over it. Suppose ξ ∈
C−∞(X,E) is G-invariant. Then

WF (ξ) ⊂ {(x, v) ∈ T ∗X(F )|v(gx) = 0}

where g is the Lie algebra of G.

http://projecteuclid.org/euclid.pjm/1102707065
http://projecteuclid.org/euclid.pjm/1102707065
http://projecteuclid.org/euclid.pjm/1102707065
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Proof. In the non-Archimedean case, this is Theorem 4.1.5 of [Aiz]. In the Archimedean
case, the same proof works. �

The following proposition is essentially proved in [Gab] for the Archimedean case. We
include its proof here for completeness.

Proposition A.0.9. Let p : X → Y be an analytic map and E be a locally constant sheaf
(or, in the Archimedean case, a vector bundle) over Y . Let ξ ∈ C−∞(X, p!(E)), where p!

is the pullback twisted by relative densities (see §§§2.3.2(11)). Assume p|Supp(ξ) is proper.
Then

WF(p∗(ξ)) ⊂ p∗(WF(ξ))

For the proof we will need the following lemma:

Lemma A.0.10. Let V be an F -vector space, with dimV <∞. Let ξ ∈ C−∞(V,DV ) be
a compactly supported distribution. Assume F(ξ) vanishes asymptotically along v ∈ V ∗.
Then for any ρ ∈ C∞

c (V ), the function F(ρ · ξ) vanishes asymptotically along v.

Proof. In the Archimedean case, this is Lemma 8.1.1 from [Hör]. In the non-Archimedean
case, it is obvious. �

Proof of Proposition A.0.9.

Case 1. p is a submersion.
Without loss of generality, we may assume that E = DY , Y = F k andX = Y ×D,
where D ⊂ F n is a standard open poly-disk, Supp(ξ) ⊂ Y ×D′ where D′ ⊂ D is
a closed poly-disk and p is the projection. Let y ∈ Y . Let v ∈ T ∗

y Y be such that
for any x ∈ D, we have ((y, x), (d(y,x)(p))

∗(v)) /∈ WF(ξ). We have to show that
p∗(ξ) is smooth at (x, v).

By the definition of WF (ξ), we can find for any x ∈ D a non-negative function
fx ∈ C

∞
c (X) such that fx((y, x)) 6= 0 and F(fx ·ξ) vanishing asymptotically in the

direction of (0, v). So we can construct a non-negative function f ∈ C∞
c (X) such

that f does not vanish on p−1(y)∩ (Y ×D′) and F(f · ξ) vanishes asymptotically
in the direction of (0, v). By Lemma A.0.10, we may assume that f has the form
f(y′, x′) = g(y′) for some g ∈ C∞

c (Y ). This implies that F(g · p∗(ξ)) vanishes
asymptotically in the direction of v.

Case 2. p is a closed embedding.
Without loss of generality, we may assume E is trivial, X = Dk and Y = X×Dn,
where D ⊂ F is a disk and p is the standard embedding. In this case the assertion
is obvious.

Case 3. The general case.
It follows from the previous cases by decomposing p = pr◦γ, where γ : X → X×Y
is the graph embedding and pr : X × Y → Y is the projection.

�

A.1. Pullback of distributions. In order to discuss pullback of distributions under
general maps, we need to define the topology on the space C−∞

Γ (X,E) of generalized
sections whose wave front set is included in Γ ⊂ T ∗(X).

http://arxiv.org/abs/0811.2768
http://www.jstor.org/stable/1996307?seq=1
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Definition A.1.1. We will define the topology in terms of converging sequences rather than
open sets, but one can easily modify this definition in order to get an actual definition of
topology. Let us first define some auxiliary topologies on some related spaces.

(1) In the Archimedean case, the space of Schwartz functions on a vector space V is
equipped with a well known Fréchet topology. In the non-Archimedean case, we
say that a sequence of Schwartz functions converges if all its elements are in the
same finite dimensional vector space and it converges there.

(2) We say that a sequence of functions fi in the space C∞
v0
(V ) of smooth functions on

V which vanishes asymptotically along v0 converges if there exists a ρ ∈ C∞
c (V )

with ρ(v0) 6= 0 such that the sequence of functions φi ∈ C
∞(V × F ) defined by

φ(v, λ) := fi(λv) · ρ(w) converges in the S(V ).
(3) We say that a sequence of distributions ξi ∈ C−∞

Γ (V,Dv) converges if it weakly
converges and for any (x, w) /∈ Γ, there exists a function ρ ∈ C∞

c (V ) with ρ(x) 6= 0
such that the sequence F(ρ · ξi) ∈ C

∞
w (V ∗) converges.

(4) This easily defines a topology on C−∞
Γ (X,E), for any analytic variety X and a

locally constant sheaf (or in the Archimedean case, a vector bundle) on X .

Proposition A.1.2 ([Hör, Theorem 8.2.4.] and [Hef, Theorem 2.8.]). Let p : Y → X be
an analytic map of analytic manifolds, and let

Np = {(x, v) ∈ T
∗X|x = p(y) and d∗yp(v) = 0 for some y ∈ Y }.

Let E be a locally constant sheaf (or, in the Archimedean case, a vector bundle) on X.
Let Γ ⊂ T ∗X be a conic closed subset such that Γ ∩Np ⊂ X.

Then the map p∗ : C∞(X,E) → C∞(Y, p∗(E)) has a unique continuous extension to
a map p∗ : C−∞

Γ (X,E) → C−∞(Y, p∗(E)). Moreover, for any ξ ∈ C−∞
Γ (X,E), we have:

WF (p∗(ξ)) ⊂ p∗(WF (ξ)).

Remark A.1.3. Here is an explicit procedure to compute p∗(ξ): we may assume that X
is a vector space and E is trivial. Let f1 ∈ C∞

c (X) and f2 ∈ C∞
c (X,DX) such that

f1(0) = 1 and
∫
f2 = 1. Let λi ∈ F be a sequence that converges to infinity. Let

ξi := ρλi
(f1) · (ρλ−1

i
(f2)∗ ξ), where ρλi

is the homothety as defined in Notation 2.3.3. Note

that ξi are smooth and compactly supported functions. Now, p∗(ξ) is the weak limit of
p∗(ξi).

Now we can prove Proposition 2.3.13. First, let us recall its formulation. Let

ξ ∈ G(X × Y )

be a generalized function on a product of analytic manifolds. Assume that ξ depends
continuously on Y , so for each y ∈ Y we have the generalized function ξ|X×{y} from

Definition 2.3.11. Assume also that WF (ξ) ∩ CNX×Y
X×{y} ⊂ X × Y , so for each y ∈ Y we

have the pullback j∗y(ξ) in the sense of Proposition A.1.2, where jy : X × {y} →֒ X × Y
is the embedding. Proposition 2.3.13 says that in this situation

j∗y(ξ) = ξ|X×{y} .

To prove this equality, it suffices to compute j∗y(ξ) using Remark A.1.3 and choosing
f1, f2 ∈ C

∞
c (X × Y ) to be compatible with the product structure on X × Y .

http://projecteuclid.org/euclid.pjm/1102707065
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Appendix B. Symplectic geometry of the co-tangent bundle

In this section we provide a proof of the facts from the symplectic geometry of the
co-tangent bundle that we used in §§3.1.

B.1. Images of isotropic subsets. We will prove Lemma 3.1.5 using Remark 2.3.7. For
this, we will need the following notion:

Definition B.1.1. Let M , N be symplectic manifolds. A Lagrangian correspondence (or,
respectively, isotropic correspondence) between them is a subvariety L ⊂M ×N which is
Lagrangian (or, respectively, isotropic) with respect to the symplectic form ωM ⊕ (−ωN ).

Lemma 3.1.5 follows now from the next one:

Lemma B.1.2.

(1) Let φ : X1 → X2 be a morphism of manifolds. Then the correspondence Λφ ⊂
T ∗(X1)× T

∗(X2) described in Remark 2.3.7 is Lagrangian.
(2) Let M , N be algebraic symplectic manifolds. Let L ⊂ M × N be an isotropic

correspondence between them. Let I ⊂ M be an isotropic constructible subset.
Then the constructible subset L(I) ⊂ N is also isotropic.

Both statements are well known. For the second one, see, e.g., [CG, Prop. 2.7.51] or
[G, Lemma 1]. To prove the first one, note that the symplectic form on T ∗(Xi) is the
differential of the canonical 1-form ηi on T

∗(Xi) and that the pullbacks of η1 and η2 to
Λφ ⊂ T ∗(X1)× T

∗(X2) are equal to each other.

B.2. Equivalent definitions of isotropic subsets. Let us now prove Lemma 3.1.3.
Clearly (4) ⇒ (3) ⇒ (2). By Proposition 3.1.2, (2) ⇒ (1).
Now it remains to show that (1)⇒ (4). We have to show that any isotropic C ⊂ T ∗X is

contained in a union as in (4). We will prove it by induction on dim(C) and dimPT ∗X(C),
where PT ∗(X) : T

∗(X) → X is the projection. Let C ′ be the set of smooth points in C.
Note that dim(C −C ′) < dim(C) and by Proposition 3.1.2, C −C ′ is isotropic. Thus, by
induction, we may assume that C − C ′ satisfies (4). Therefore it is enough to prove that
C ′ satisfies (4).

Consider the map q := PT ∗X |C′ as a map from C ′ to PT ∗X(C ′). Let U ⊂ PT ∗X(C ′) be the

set of those smooth points of PT ∗X(C ′) which are regular values of q, and let C ′′ = q−1(U).

Note that by the algebraic Sard lemma, dim(PT ∗X(C ′ − C ′′))= dim(PT ∗X(C ′)− U) <
dim(PT ∗X(C

′)) = dim(PT ∗X(C)) and by Proposition 3.1.2, C ′ − C ′′ is isotropic. Thus, by
induction, we may assume that C ′ − C ′′ (and thus also C ′ − C ′′) satisfies (4). Therefore
it is enough to prove that C ′′ satisfies (4). We will prove that C ′′ ⊂ CNX

U . For this let
x ∈ U and let Y := q−1(x) ⊂ T ∗

xX . Fix any y ∈ Y . We know that TyC
′′ is isotropic, i.e.

TyC
′′⊥(TyC

′′). Thus we have TyY = ker dyq ⊂ (Im dyq)
⊥ = CNX

U,x. This implies that any

connected component of Y is a subset of a shift of CNX
U,x. Since Y is conical, this shows

that Y ⊂ CNX
U,x.

B.3. Co-normal bundle to a subbundle. Finally, let us prove Lemma 5.1.1. First
recall its formulation:

http://ncatlab.org/nlab/show/Lagrangian+correspondence
http://www.springer.com/birkhauser/mathematics/book/978-0-8176-4937-1
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Lemma B.3.1. Let V be a finite dimensional vector space over F and X be a manifold.
Let E be a vector bundle over X which is a subbundle of the trivial vector bundle X × V .
Then CNX×V ∗

E⊥ = CNX×V
E .

Here

CNX×V
E ⊂ T ∗(X × V ) = T ∗(X)× V × V ∗,

CNX×V ∗

E⊥ ⊂ T ∗(X × V ∗) = T ∗(X)× V ∗ × V,

and the symplectic manifolds T ∗(X)× V × V ∗ and T ∗(X)× V × V ∗ are identified via the
map

V × V ∗ ∼
−→V ∗ × V, (v, w) 7→ (w,−v).

Proof. Set L := CNX×V
E . Without loss of generality we may assume that X is irreducible.

Then so is L. Clearly L is a closed Lagrangian submanifold of T ∗(X×V ) = T ∗(X)×V×V ∗.
It is easy to check that the image of L in X×V ∗ equals E⊥. So it remains to show that L
is conic as a submanifold of T ∗(X×V ∗). In terms of the action of G3

m on T ∗(X)×V ×V ∗,
we have to show that L is stable with respect to the subgroup

(24) {(λ, λ, 1) | λ ∈ Gm} ⊂ G3
m .

Since E ⊂ X×V is Gm-stable the submanifold L is stable with respect to the subgroup

{(1, λ, λ−1) | λ ∈ Gm} ⊂ G3
m .

Clearly L is conic as a submanifold of T ∗(X × V ), which means that L is stable with
respect to the subgroup

{(λ, 1, λ) | λ ∈ Gm} ⊂ G3
m .

But (λ, λ, 1) = (1, λ, λ−1) · (λ, 1, λ), so L is stable with respect to the subgroup (24). �

Remark B.3.2. Here is a sketch of a slightly different proof of Lemma B.3.1. The subbundle
E defines a map

f : X → {the Grassmannian of all subspaces of V }.

Its differential at x ∈ X is a linear map TxX → Hom(Ex, V/Ex) = Hom(Ex, (E
⊥
x )

∗); it
defines a bilinear map Bx : Ex ×E

⊥
x → T ∗

xX . One checks that CNX×V
E has the following

description in terms of Bx: let (x, ξ) ∈ T
∗X , v ∈ V , w ∈ V ∗, then

(25) (x, ξ, v, w) ∈ CNX×V
E ⇔ v ∈ Ex, w ∈ E

⊥
x , ξ = −Bx(v, w).

Lemma B.3.1 follows from this description.

Remark B.3.3. Lemma B.3.1 is closely related to the following fact: if ξ → X is any vector
bundle and ξ∗ → X is the dual bundle then there is a canonical symplectomorphism
between the cotangent bundles of ξ and ξ∗ (see [MX, Theorem 5.5] and also [Roy, Section
3.4]).
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